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ABSTRACT

Shape memory polymers (SMPs) are a type of polymeric smart material. They can maintain a deformed
shape and return to their original shape according to external stimuli, such as temperature, light, pH,
magnetic field and so on. In the last decade, SMPs have gained increasing attention due to their unique
properties and have thus led great progress in developing proper constitutive models. In this paper, we
propose and establish a new phase-evolution-based thermomechanical constitutive model for amorphous
SMPs by considering the materials as a mixture of the rubbery phase and glassy phase. The shape mem-
ory effect (SME) is captured under the assumption that the rubbery phase can transform into the glassy
phase and that part of the strain will be frozen during the glass transition. To make the model be more
feasible, furthermore, we improve the model by introducing a time factor and considering the influence
of frozen strain release rate. To validate the robustness and applicability of the proposed new model, we
reproduce the shape memory behaviors (SMBs) of two different materials under different constraints and
conditions. The results show a remarkable consistency between the new model simulation and experi-

mental data.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Shape memory polymers (SMPs) are a type of polymeric smart
material that can maintain a deformed state (temporal shape) and
return to their original state (permanent shape) under different ex-
ternal stimulus conditions. For example, they can be deformed un-
der pre-deformation at a high temperature and maintain the de-
formed state when cooled to a lower temperature. When the tem-
perature is increased again, their permanent shape can be recov-
ered. Compared to other smart materials, e.g.,, shape memory al-
loys (SMAs) (Ashrafi et al., 2016; Oliveira et al., 2014; Poorasadion
et al., 2015) and shape memory ceramics (SMCs) (Matsumura et
al., 2011), SMPs have many advantages, such as a large restorable
strain, large elastic deformation, biodegradability, biocompatibility,
light weight, low cost, and excellent manufacturability (Baghani et
al., 2012; Diani et al., 2012; Leng et al., 2009). Due to their unique
properties, SMPs have a promising future with many potential ap-
plications, including as morphing structures, biomedical devices,
functional textiles, active aircraft equipment, aerospace structures,
self-healing materials, 3D printing and pattern transformation
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devices (Behl et al., 2010; Ge et al., 2014; Ge et al., 2016; Ghosh
et al,, 2013; He et al., 2015; Hu et al.,, 2012; Hu and Chen, 2010;
Huang et al., 2013; Liu et al., 2015; Rossiter et al., 2014; Xie, 2010;
Xu et al.,, 2010).

To capture the complex thermomechanical mechanisms and de-
scribe the shape memory behavior (SMB) of SMPs, many constitu-
tive models had been proposed in the past two decades. Tobushi
et al. (1997) developed a linear viscoelastic constitutive model to
describe the temperature- and time-dependent shape memory ef-
fect (SME) of polyurethane. This model combined the Maxwell
model with a friction element and is able to qualitatively evalu-
ate the thermomechanical properties of polyurethane. Tobushi et
al. (2001) further modified their previous linear model into a non-
linear one in which the parameters of materials were expressed by
single expansion functions of temperature and described the re-
lationship between the modulus and temperature. Based on vis-
coelastic theory, Lin and Chen (1999) established another thermo-
viscoelastic model to provide a description of the rate-dependent
behavior of polyurethanes. They confirmed that a good prediction
of the SMB of polyurethanes could be obtained by their model.
Morshedian et al. (2005) developed a thermo-viscoelastic consti-
tutive theory to characterize the shape fixability and shape recov-
erability of polyethylene. This is a unique thermomechanical con-
stitutive theory for Tm-type SMPs that uses the crystal melting
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temperature as a switch control unit to capture their shape mem-
ory capability (Hu et al.,, 2012). To provide a simpler and more
effective prediction method for SMPs, a succinct three-element
model was presented by Li et al. (2015). Although it is simple,
their model evaluates the thermomechanical properties of SMPs
and is particularly convenient and concise when the temperature-
dependent Young's modulus, viscosity coefficient, and relaxation
time of SMPs are determined through experiments. All of the
above viscoelastic constitutive models use rheological models com-
posed of the dashpot element, spring element and frictional ele-
ment. These discrete models could not only qualitatively describe
the behavior of SMPs, but they could also capture the tempera-
ture and time dependence of shape recovery. They have played
an important role in SMPs research. However, beyond the thermo-
viscoelastic model, one other approach, phase transition approach,
is also widely used.

Based on considerable experimental data and a deep under-
standing of the molecule mechanisms of SME, Liu et al. (2006) de-
veloped one of the first phenomenological continuum constitutive
models for SMPs (Baghani et al, 2012). Their continuum model
viewed SMPs as a continuum mixture of two different phases: the
frozen phase (hard phase) and active phase (soft phase), which
have a clear physical meaning. In their model, two internal state
variables (i.e., the frozen phase volume fraction and stored strain)
are used to describe the evolution of the structural transformation
of SMPs. Their model is in agreement with the micromechanism of
glass transition and can predict the SMB of an epoxy well; how-
ever, their model is also limited to a specific type of shape mem-
ory material. Additionally, the time-dependency of the material be-
haviors are not considered in their simplified model. Moreover, the
mathematical evolution law is only applicable to the cooling pro-
cess; a mathematical formulation for the heating process is not
present (Baghani et al., 2012; Chen and Lagoudas, 2008a,b; Yang
and Li, 2016).

Based on the evolution of deformation energy switching from
an entropy dominated state to an enthalpy dominated state, a
constitutive model of semicrystalline SMPs was proposed by Qi
et al. (2008). They further developed similar constitutive equa-
tions to describe both 1-Way and 2-Way SME effects, which were
demonstrated previously (Westbrook et al., 2010). In their mod-
els, the SME was captured by assuming that the newly formed
crystals were formed in a stress-free (natural) configuration dur-
ing the crystallization process (Ge et al., 2012; Rajagopal and Srini-
vasa, 1998a, b). This meant that the newly formed phase was un-
deformed immediately upon its formation. A similar assumption
for amorphous SMPs can be put forward during the glass transi-
tion: the rubbery phase transforms into a glassy phase and part of
the strain is frozen. Using this reasonable assumption, the SME of
amorphous SMPs can be effectively captured.

In this work, a new continuum thermomechanical constitutive
model based on the concept of glass transition is developed to de-
scribe the SMBs of amorphous SMPs. We use a similar assump-
tion as in Liu’s model (Liu et al., 2006), that the material is a mix-
ture of a rubbery phase and a glassy phase, which is in agreement
with the micromechanism of the glass transition. This successfully
relates the glass transition to SME. To make the model be more
feasible, furthermore, we improve this continuum model by intro-
ducing a time factor. To show the validity and applicability of our
model, we reproduce the SMBs of two different materials. Good
agreement is observed between the model simulation and experi-
mental results.

The remainder of the paper is organized as follows. In Section 2,
a new continuum thermomechanical constitutive model for shape
memory polymers is proposed and developed; the model is then
utilized to consider the SME of materials. The temperature variable
functions and material parameters are determined in Section 3. In
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Fig. 1. Schematic representation of the proposed constitutive model.

Section 4, the results predicted by our present model are compared
to the experimental results. Finally, we draw concluding remarks in
Section 5.

2. Constitutive model
2.1. Overall model description

In this section, a new phase-evolution-based thermomechani-
cal constitutive model for amorphous SMPs is developed. We as-
sume that the shape memory material is a mixture of a rubbery
phase and glassy phase as previously performed in similar works
(e.g., Baghani et al, (2012); Li et al, (2017); Liu et al., (2006)).
Because the phase transition of materials is a continuous pro-
cess, we further divide the rubbery phase into many small rubbery
phase domains with the volume fraction Ay/ and divide the glassy
phase into many small glassy phase domains with the volume frac-
tion Ayg. The volume fractions satisfy SAy] + Ay =1. Fig. 1
shows the 1D schematic of the phase-evolution-based thermome-
chanical model. Two types of springs in the schematic, the rubbery
phase (in yellow) and glassy phase (in pewter), can be transformed
into each other, reflecting the process of phase transition. When
the temperature decreases, some of the rubbery phase domains are
transformed into the newly formed glassy phase domains, which
is consistent with the glass transition process (Matsuoka, 1992;
Strobl, 1997). The ratio of these two types of springs corresponds
to the volume fraction of the respective phase, which varies with
the instantaneous temperature. The variation of this ratio with
temperature embodies the glass transition, and the SME can be ac-
quired during the thermomechanical cycle.

In addition, a thermal deformation element is used to repre-
sent thermal expansion and contraction. Following some previ-
ous works ((Baghani et al., 2012; Chen and Lagoudas, 2008a; Ju
et al., 2010; Liu et al.,, 2006), the deformation gradient in SMP is
decomposed into rubbery, glassy, and thermal components. Thus,
the total deformation gradient of model F can be decomposed as:
F=FF;Fr, where F;, F; and Fr represent the deformation gradients
of the rubbery phase, glassy phase and thermal deformation, re-
spectively. For our 1D thermomechanical model, which is limited
to a small strain and linear elastic behavior, the deformations are
considered to be in a uniaxial tensile state and the deformation
gradients can be replaced by linear strains. The total strain is given
by:

+XAylel ter (1)

— Jod
Etotal = EAVr & glassy

rubbery

. L
where ¢7 is the thermal strain, € ubbery

bery phase domain with a volume fraction of Ayrj and Sélassy

strain the jth glassy phase domain with a volume fraction of Aygj.

Because the model consists of elements in a series (Fig. 1), the
stresses in all of the domains are equal in this model. The total
stress is:

is the strain in the jth rub-
is the

Ototal = Or = Og (2)

where o is the stress in the rubbery phase domains and o7 is the
stress in the glassy phase domains.
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Fig. 2. Schematic illustration of the SME mechanism: (a) schematic representation of a phase transition from the rubbery phase to the glassy phase, and vice versa; (b)

schematic representation of typical thermomechanical cycles of SMPs.

These two types of springs in the rubbery phase domains and
glassy phase domains can be transformed into each other (as
shown in Fig. 2(a)). This transformation represents a glass transi-
tion, and the SME can be captured by the model during the ther-
momechanical cycle. The SME process, accompanied by a phase
transition, is further described in Fig. 2(b). To emphasize the me-
chanical aspect of the model, we ignore the thermal strain dur-
ing the phase transition. Thermal contraction/expansion is included
when considering the SME. As illustrated in Fig. 2(b), a rubbery
phase domain undergoes a mechanical deformation F; _ jechanics Un-
der an external force. With the temperature reduction, when the
rubbery phase domain experiences a phase transition and trans-
forms into a glassy phase domain, part of the deformation in the
glassy phase will be frozen. The frozen deformation is denoted by
Ffiozen. The residual mechanical deformation in the glassy phase
domain is denoted by Fy_ ecnanics- If the glassy phase domain is
heated under strain constraints, the glassy phase domain trans-
forms back into the rubbery phase domain and the frozen defor-
mation will be released. If the glassy phase domain is unloaded,
the residual mechanical deformation Fy_ jmechanics Will disappear
and only the frozen deformation Fy,,., will be retained. Accord-
ing to the above analysis, for our 1D thermomechanical model, we
can see that there is only a mechanical strain &, _ pechanics in the
rubbery phase domains. While in the glassy phase domains, the
strain includes the mechanical strain &g _ mechanics and frozen strain

Efrozen- Thus, the strain in the jth rubbery phase domain satisfies
8zubbery =&l o hanics @Nd the strain in the jth glassy phase domain
obeys gélassy = lc’é—mechanics + g}rozen'

Then, the total strain of the model can be written as:
+ZAY(e! +ef

g—mechanics

Etotal = EAVrJEJ

r—mechanics

(3)

For these two types of spring elements in the model, the con-
stitutive relationships are generally described by Hooke’s law.

TOZET!) + 8T

Oor = Ergr{—mechanics’ -] =123... (4)
— J i—
Oy = Eg€y ochanics» 1=1.2.3 .. (5)

where E; and Eg are the Young’s modulus of the rubbery phase
domains and glassy phase domains, respectively. From Eq. (2), we

know that the stresses in all of the domains are equal. Therefore,
the strains in all of the rubbery phase domains are equal, which
can be denoted by &;_ mechanicss Thus, for any j, the mechanical
strain in the jth rubbery phase domain is: sﬁfmechamcs = €r_mechanics-
Similarly, for any j, the mechanical strain in the jth glassy phase
domain is: sgfmechumcs = Eg_mechanics- 1h€N, the total strain in Eq.
(3) can be simplified as:

Etotal = X Ayr]‘gr—mechanics +X Ayg] (8g—mechanics + S}rozen) +ér (6)

We define an internal variable fraction of glassy phase y to be:

y =XAy/ (7)
Then, the fraction of the rubbery phase can be obtained:
SAy i =1-y (8)

Inserting Eqs. (7) and (8) into Eq. (6), the total strain can be
rewritten as:

Etotal = (1 - V)gr—mechanics + Y €g—mechanics + EAVg!ijmzen +ér (9)
The total strain can be further generalized as:
(10)

where &m=(1—¥)r_ mechanics + ¥ €g — mechanics Tepresents the total

Etotal = Em + &5+ €1

mechanical strain in the materials and & = EAygsfrozen repre-
sents the total frozen strain in the materials.

2.2. Shape memory effect

In this section, we describe the SME with our continuum ther-
momechanical constitutive model.

To develop a comparatively simple modeling approach to ex-
plain the complex thermomechanical phenomena, some level-of-
detail comprehensions are sacrificed, and therefore, several as-
sumptions are made:

(1) During the glass transition, the rubbery phase domains trans-
form into glassy phase domains and part of the strain will be
frozen (as shown in Fig. 2(b)). For the simplicity of the model,
it is assumed that the residual mechanical strain &g _ mechanics*
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in the newly formed glassy phase domains is a linear function
of the initial mechanical strain &, _ pechanics from the previous
rubbery phase domains:

Eg—mechunics* = f(T)&r_mechanics (11)

where f(T) is a function of temperature. The detailed explana-

tion of this assumption is given by using the free-volume the-

ory (Fox and Loshaek, 1955) in the following sub-section.

Previous studies (Barot and Rao, 2006; Qi et al., 2008) assumed

that no significant deformation of the material occurs during

the formation of the new phase. Therefore, we assume that dur-
ing every glass transition process, the total strain of the mate-
rial ! remains constant.

(3) For a better understanding of the thermodynamics of SMPs, we
adopt an incremental approach to describe the thermomechan-
ical cycle. Once the temperature decreases by AT, there will
be a small volume fraction of the rubbery phase domain that
transforms into the glassy phase domain, in which the modulus
and mechanical strain are changed. While the other domains
that are not involved in the glass transition remain the same,
to meet the boundary conditions, the stress-strain field in the
material should be re-distributed. This process is instantaneous
(Ge et al., 2012; Westbrook et al., 2010); thus, we assume that
during the redistribution of stress, the total strain £ and to-
tal mechanical strain &, remain the same.

(4) To simplify the model, the glass transition process is divided
into three steps with the temperature change AT. A similar as-
sumption has been used by others to consider the SME (Ge et
al., 2012, 2013; Westbrook et al., 2010). In step 1, there is only
thermal expansion/contraction but no phase transition in the
material. In step 2, a small volume fraction of a domain under-
goes a glass transition, while the other domains, which are not
involved in the glass transition, remain the same. In this state,
the force is no in equilibrium, and the stress-strain field in the
material will be re-distributed in the next step. Therefore, step
3 is the redistribution of stress.

—
N
—

2.2.1. Mechanics behavior during the cooling process

Assuming that the thermomechanical loading process starts at
a high temperature T=T},, the material consists of a 100% rubbery
phase and the variable fraction of glassy phase is y =0. Therefore,

8?otal = 81(')n + 8? + 8? (12)
where &0, . &5, €7 and & are the strains in the initial rubbery
phase (denoted by superscript 0).
At T= Th' V4 :0,
0 0 0
&= 0, e = € mechanics’ (13)

The glass transition starts at temperature T=T, in the cooling
process. When the temperature changes from T=T, to T=T, + AT,
where AT < 0, a small amount of the rubbery phase transformed
into the glassy phase with a volume fraction Ay ;. As stated above,
we divide the glass transition process into three steps.

At step 1, there is no phase transition, only thermal contraction.
Then, the total strain is:
8t10tal = 89n + 8? + 8'11' (14)

At step 2, the rubbery phase domain that has a volume fraction
Ay experiences a phase transition and transforms into a glassy
phase domain. Thus, part of the strain will be frozen and the me-
chanical strain is changed. The new frozen strain and total me-
chanical strain at the first temperature increment are denoted by
8} and ¢}, respectively. The total strain at temperature T=Tj, + AT

becomes:

1 1, a1, ol
Etotal = Em + €5 + €7 (15)

During this glass transition, the mechanical strain in the small
volume fraction domain Ay is changed while the other domains,
which are not involved in the glass transition, retain the same me-
chanical strain. According to Eq. (10), we can obtain the total me-
chanical strain:

8r1n =An ngmechanics *+(1-Ap )89—mechanics (16)

where 5§7mechanics* is the residual mechanical strain in the newly
formed glassy phase domain. We assume that the mechanical

strain of this newly formed glassy phase is:

0 _ 0
Sg—mechanics* - f(T)Sr—mechanics (17)

At step 3, to achieve stress equilibrium, the stress-strain field in
the material will be re-distributed.

In the state of stress equilibrium, the mechanical strains in all
of the rubbery phase domains are equal (denoted by 8:—mechanics)
and the mechanical strains in all of the glassy phase domains are
equal (denoted by gg—mechanics)' Similar to Eq. (16), the total me-
chanical strain after step 3 becomes:

1 1 1
E€m = Ayy sg—mechanics +(1- AJ/l)‘gr—mechanics (18)
and the total stress is:
1 1 1
Ototal = Or = Oy (19)
1 _ 1 1 _ 1
where o, = Ere,_mechanics and Og = Egsg—mechanics'
Inserting Egs. (15) and (18) into Eq. (19), we have:

1 1

1
ol = Etotal ~ gf —ér (20)
total — %_’_ 1-Ay
Eg E

Comparing Eq. (14) and Eq. (15), we obtain:
ef—e)=¢ep—ehy (21)

Incorporating Eqgs. (13) and (16) into Eq. (21), the small incre-

mental frozen strain As} at the first temperature increment be-
comes:

1
Aef

el -2 = Ayl — f(T)]el
Ap[1 = F(T)](60,q — €2 — 9) (22)

In the process of temperature change from T=T, +(i—1)AT to
T=T, +iAT, where AT < 0, a small amount of the rubbery phase
transformed into the glassy phase with a volume fraction Ay;. The
glass transition process is also divided into 3 steps.

In step 1, the ith phase transition has not yet occurred. The total
strain is:

e el gl 4 gf (23)

f

where the total mechanical strain in the (i-1)th phase transition is:

|-
total —

i-1 i-1
i1 _ i1 — et
Em = Z A)/] 8g—mechanics +11 Z AJ/] €1 —mechanics (24)
= =

In step 2, the ith phase transition occurs in the rubbery phase
domain with a volume fraction Ay;. The total strain at tempera-
ture T=T, +iAT becomes:

SZutal = 811'11 + 8} + 8;‘ (25)

During the ith phase transition, the mechanical strain in the
small volume fraction domain Ay; changes, while the other do-
mains, which are not involved in this glass transition, remain un-
der the same mechanical strain. Thus, the total mechanical strain
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Z ij g— mechanzcs + A)/, g— mechamcs *

i
1= Z Ayf 8:}nechanic5 (26)

i—-1

We assume that the residual mechanical straing *in
g—mechanics

the ith newly formed glassy phase domain Ay; is:

i-1
8g mechamcs f(T)sr mechanics (27)

In step 3, the stress-strain field in the material will be re-
distributed. Similarly, with Egs. (18) and (19), the total mechanical
strain after step 3 becomes:

i i
81111 = Z Ayfgé—mechanics +{1- Z Ayf Si—mechanics (28)
j=1 j

and the total stress is:

Gtiotal = Ui = Ué (29)

i_ i
where o} = Eré‘r mechanics ANd Og = Eg€4 1o anics-

Inserting Eqgs. (25) and (28) into Eq. (29), we have:
' _ gl gl
Gt'o[al = rorel L ; d (30)
Y1 AY; + 1-354 Ay
E; E

gl

Comparing Eq. (23) and Eq. (25), we obtain:
ef—e =en' —eh (31)
Incorporating Eqs. (24) and (26) into Eq. (31), the small in-

cremental frozen strainAs} at the ith temperature increment be-
comes:

A‘C’\f - Sf - 8 = Ayl - f(T)lgr mechanics
81—1 _ 8171 _ 8 -
i T
= Ayl = f(D]—= (32)
i Er(zj:;}gij N 1—2%{, ij>
Note that & &k, f and sT in Egs. (23)-(32) are the strains

total’
at the ith temperature increment (denoted by superscript i).

At temperature T=Ty, +iAT, the fraction of glassy phase y; is
Yi= 23:1 Ay;, and Egs. (30) and (32) can be simplified as follows:

81

i _ ol
i _ “total Ef et

Ofotal = T (33)
ota Elg + Ery
gi-1 _gi=1 _ gi-1
Agl = Ayl - f(T)] ot ~ 6y O (34)

()

When both the left and right sides of Eq. (34) are divided by
the temperature increment AT, Eq. (34) becomes:

Acgt 1 1 81’—1 _ 81‘—1
f A%[ —f(D)] Etotal f T

AT E<1+ly,)

Er

(35)

As the temperature increment AT becomes infinitely small, the
limit value of the ratio of the differences As’f/AT and Ay;/AT can

be written as the derivative of & f with respect to T, de f/dT, and
the derivative of y with respect to T, dy/dT, respectively. Thus, a
differential formation of Eq. (35) is

de d Eroral —Ef— €
= - fmy LT (36)

Thus, the mechanics behavior of SMPs during cooling can be
described by the following constitutive equations:

_ a8
Ototal = r .y
E1TE
de; - (37)
ot = -

()|
(Eg Er)

The evolution of the frozen strain & f and constitutive equations
in Eq. (37) are consistent with the thermodynamic microscopic in-
terpretation that the micro-Brownian motion is affected by tem-
perature (Tobushi et al., 2001). During the cooling process, the
micro-Brownian motion of molecular chains recedes. The macro-
scopic manifestation is that a portion of the strain is frozen and
the deformed shape is maintained. As the temperature increases,
the frozen strain decreases and the original shape is gradually re-
covered due to the micro-Brownian motion of molecular chains ac-
tivated by heating (Tobushi et al., 2001).

2.2.2. Mechanics behavior during the heating process

At the low temperature T=T, the material consists of 100%
glassy phase; thus, the initial fraction of the glassy phase y is
1. During heating, the glassy phase domains gradually disappear.
As the temperature changes from T=T;+(i— 1)AT to T=T,+iAT,
where AT > 0, a small amount of the glassy phase transforms into
the rubbery phase with a volume fraction — Ay;. The fraction of
the glassy phase becomes (1 + le:] Ayj), and the fraction of the

1
rubbery phase is (0 — Y~ Ay;).
j=1

During heating, the glass transition process is also divided into
three steps. At step 1, the ith phase transition has not occurred
yet. There is only thermal expansion. Then, at step 2, the ith phase
transition occurs. According to Eq. (27), if the temperature in-
creases byAT at temperature T= T,+iAT the frozen strain at this
temperature increment is (1 —f(T))sr mechanics* Thus, we assume
that during heating, the ith newly formed rubbery phase domain
will release (1 —f(T))si:}mdmmcs on the basis of the initial me-
chanical strain in the glassy state. Then, we can obtain the me-
chanical strain in the ith newly formed rubbery phase domain. In
step 3, after the stress reaches equilibrium, the total strain and to-
tal stress can be obtained.

Similarly, in Eq. (37), the constitutive equations of SMPs during
heating can be solved as:

_ Ga— 581
Ototal = L+1;V
Er
de; - (38)
e

F(D)] e ey V)

This is the same as the process during cooling, which is in
agreement with the experimental investigations. Under the same
boundary condition, the stress evolution paths during heating al-
most exactly overlay the stress-temperature curves during cooling
(Liu et al.,, 2006).

2.3. Thermal deformation

The thermal expansion and contraction effects, which are as-
sumed to be independent of the mechanical properties (Li et al.,
2015; Tobushi et al., 1997, 2001), are represented as thermal strain
er.

T
er = / adT (39)
Tc

0

where « is the coefficient of thermal expansion (CTE) and Ty is the
reference temperature.
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2.4. Further improvement of the model

We have developed a phase-evolution-based constitutive model
in Sections 2.1-2.3. Similar to some important SMPs works (e.g., Liu
et al.,, (2006), Chen and Lagoudas (2008a, b)), in the model pro-
posed before, the frozen strain is a function of temperature and
assumed to be independent of time, but that is an idealized case.
In an actual situation, it takes a certain amount of time to freeze
the strain. This model simplification may compromise the reliabil-
ity of the method. To make the model be more feasible, we further
improve the model by introducing a time factor in this sub-section.

2.4.1. Frozen strain release rate

First, we propose the concept of a frozen strain release rate. Un-
like the frozen strain in our original model, in an actual situation,
with the change of temperature, the strain of the freezing process
takes a certain amount of time to complete. When the tempera-
ture changes AT, if the time At is long enough, the freezing can
be fully completed and the change of the frozen strain in reality
(Aé&f_req) can achieve the theoretical value Agg from our original
model. If the time At is very short, freezing cannot fully occur and
the change of the frozen strain in reality (Ags_ roq) Will be smaller
than the theoretical value. Thus, we introduce a function of time:
the frozen strain release rate G(t). This rate is defined as the ra-
tio of Ags_req to Agp and changes from 0 to 1 over time. When
time t=0, freezing has not yet occurred. As such, G(0)=0. At time
t=o0, freezing has fully occurred. As such, G(co)=1. Considering
the two limiting cases, G(0)=0 and G(co) =1, the frozen strain re-
lease rate G(t) is defined as:

Gity=1-er (40)

where 7 is the material parameter that is calibrated through trial
and error to fit the experimental data.
According to the definition of G(t), we have:

—At

A&f rea = AefG(t) = Aef(1 - eT) (41)

2.4.2. Evolution of the frozen strain in reality & F—real

Here, we assume that at time t=0 and temperature T=T, the
initial frozen strain isa?.

At time t= At and temperature T=Ty+ AT, the change of the

frozen strain in the original model is As} at the first temperature

11

increment. The change of the frozen strain in reality Ae Forea

. and

in el .
actual strain Ef_real become:

At 0 =
Aell = As}(] _e )ands},reuz =ep+Aegl - (Aa}e ' )
(42)

where Ae}l_real is the actual release value of Ag¢l at time t= At.
At time t=2At and temperature T=Ty + 2AT, the change of the

frozen strain in the original model is Ag2 at the second tempera-

ture increment. The changes of the frozen strains in reality are:

) @3

i

Asfﬁreal = Aefr <1 - e%> and As}{rea, = As}(l —e

—2At

where As}%rea,is the actual release value of Aa} at time t=2At
and As?frea, is the actual release value of As)% at time t=2At.

Now, the actual strain is:
—2ac —at
€3 o = €7+ Aeg! + Agg? — (As}e =+ Acte r’) (44)

At time t=iAt and temperature T=Ty +iAT, the change of the

frozen strain in the original model is Aeif at the ith temperature

increment. The changes of the frozen strains in reality are:

A‘c’\?—real = Ag}(] N e%‘)

. —(iAt—(k=1)At)
Ne oy = Aeh(1 - e )

A&t = Ae%(l - eﬂl%”m)

1 — Agl =lat
Aefl o =Aci(1-e™)
where Aeki  is the actual release value of Agk in time t=iAt.

f—real f
The actual strain becomes:

i _ 0 1 2 i
€ req = €5+ A&p+ Ags+ -+ Ach

—iAt —(i-DAt

1At 2
—(Asfe T +A8f€ T

—(iAt—(k=1)At)

ot Agke

PR As;e%“) (46)

Eq. (46) can be simplified as follows:

i
' 0 1 2 i 3" Al a1y
8}7“,01:8f+A8f+A8f+...+Aglf_ AS;E L

k=1

(47)

In the original model, the theoretical frozen strain is 8} at tem-
perature T=T, +iAT. It can be written as:

i _ A0 1 2 i
gp=¢&;+ Mg+ Agp+---+ Agy (48)
Inserting Eq. (48) into Eq. (47), we have:

: : K, ZUAL=(k=1)At)
€ rea = €5 = | 2o AefeT (49)
k=1
An integral formation of Eq. (49) is:
t . —(t-a)
Ef rea = Ef — A gre~ da (50)
2.4.3. The improved constitutive equations
Furthermore, we can obtain the frozen strain in reality €f_real

from &p In the calculation of the total stress, replace ¢ f with
Ef_real Therefore, in the improved model, the constitutive equa-
tions of the SMPs become:

Etotal —Ef-rea "1

Ototal = P
g T
de d Eopal —E—E
de = dﬂl _f(T)] = fl, 3 (51)

a5 %)

)

t .
Sf—realzgf_fogfe ~ da

3. Temperature variable function (f(T), y) identification and
material parameter determination

First, we identify the function of temperature f(T) in Eq.
(11), which provides the solution of residual mechanical strain
€g_ mechanics during the glass transition. To further explain the pre-
vious assumption and determine a reasonable function of tempera-
ture f(T), we introduce the widely accepted Flory’s iso-free volume
theory of the glass transition phenomena (Fox and Loshaek, 1955)
into our work. In their theory, the volume of a macroscopic solid
or liquid is composed of the occupied volume and free volume. The
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Fig. 3. Stress-strain-temperature diagrams illustrating the SMBs of SMPs: (a) unconstrained free strain recovery case; (b) fixed strain constraints stress recovery case.
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and experimental data are also shown. Experiments reported by Liu et al. (2006).
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Fig. 5. The strain-temperature results in the cooling process with different loading patterns: (a) £, =9.1%; (b) &m = —9.1%; (c) &, =0. Comparisons of the simulation results

and experimental data are also shown. Experiments reported by Liu et al. (2006).

occupied volume is the actual possession of an atomic or molecu-
lar volume and the free volume is the gap between molecules. The
free volume is dispersed in the matrix with different sized holes,
providing space for atomic, molecular, and molecular chain seg-
ment movement.

When the temperature is higher than the glass transition tem-
perature Tg, the free volume decreases and motion of the molecu-
lar chain is restricted with the decrease in temperature. The lower
the temperature, the stronger the restriction. Thus, we assume that
the residual mechanical strain of glassy phase domains formed at
different temperatures should be different. To simplify the prob-
lem, the residual mechanical strain in the newly formed glassy
phase domains should be a linear function of the initial mechanical
strain.

When the temperature is reduced to Tg, the free volume de-
creases to a minimum, and the free volume remains at the mini-
mum value when the temperature continues to decrease. Because
there is not sufficient space for chain segment movement, the
chain segment motion of the newly formed glassy phase domains
is completely frozen and the residual mechanical strain becomes 0.

From the analysis with iso-free volume theory above, the func-
tion of temperature f(T) in Eq. (11) can be defined as:

T-T,
ng, T>T, (52)
0, T<T,

f(D) =

Inserting Eq. (52) into Eq. (11), the residual mechanical strain
€g_ mechanics during the glass transition can be obtained.

The volume fraction of the glassy phase also changes with the
change in temperature. To reveal the evolutionary rules for the
glassy phase volume fraction during cooling and heating, Liu et al.
(2006) proposed a phenomenological function of temperature with
two variables, ¢ and n:

_ 1 . Ef
1+ C(Th - T)n Etotal

y=1 (53)
The volume fraction of glassy phase y is actually the ratio of
scalar &5 to &¢oyq (Liu et al., 2006). Thus, the variables ¢ and n can
be ascertained by fitting the experimental data /€ ¢q.
Using Eq. (53), we can find the volume fraction of the glassy
phase y at different temperatures. The volume fractions of the
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Comparisons of the simulation results and experimental data are also shown. Experiments reported by Liu et al. (2006).

glassy phase at temperature T=T, and T=T; are denoted by yr,
and Y1 respectively.

To apply this model to describe the SME of SMPs, the moduli
E; and E; should be specified. The modulus of the glassy phase
domains Eg should be invariable in the temperature range consid-
ered (Liu et al., 2006). For the rubbery phase domains, on the other
hand, E; is a defined as (Liu et al., 2006; Ward and Hadley, 1993):

E, = 3NKT (54)

where N is the cross-link density of the rubbery phase polymer, k
is Boltzmann's constant, and T is the absolute temperature.

From Eq. (51), the Young’s modulus E of the SMPs can be de-
fined as:

1
ETE

From the isothermal uniaxial strain-stress tests at temperatures
T=T, and T=T,, two extreme values of the Young’s modulus E can
be obtained, which are denoted by E, and Er, respectively. At tem-
perature T=Ty, y = yr,, E = Er, and at temperatures T=Tj, y = yr,,
E = Ey,, two equations based on Eq. (55) can be formulated. Solv-

ing these two equations together, the modulus Eg and cross-link
density N can be obtained.

4. Model verification

Thus far, the required material parameters in the continuum
thermomechanical constitutive model can be fully determined
with the relevant experimental data. In this section, we verify the
validity of the proposed continuum thermomechanical constitu-
tive model by comparing the numerical simulation results of SMBs
with the experimental observations available in the literature. To
show the broad applicability of our model, we will reproduce the
SMBs of two different materials: that from the experiments on an
epoxy resin SMP performed by Liu et al. (2006) and that from the
experiments on an acrylate network composition SMP performed
by Arrieta et al. (2014a, b).

In the above mentioned experiments, the thermomechanical cy-
cles of two types of SMPs are investigated: the free strain recov-
ery process and fixed strain constraint stress recovery process. A
general 3D stress-strain-temperature diagram of the SMPs in the
unconstrained free strain recovery case is illustrated in Fig. 3(a).
Typically, the SMB cycles can be divided into four processes. In
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the first process (loading), a mechanical load is applied to SMPs
at an elevated temperature Tj,. The specimen is pre-deformed from
the original state “A” (non-stress and non-strain) to a state of
pre-deformation “B”. In the second process (cooling), the speci-
men is cooled to a lower temperature T, (state “C") with the pre-
strain &, maintained. Followed by the third process (unloading),
the strain constraint conditions are removed from the specimen at
temperature T, (from state “C” to state “D”). In the last process,
the SMP specimen is reheated to a high temperature T, under the
free strain condition. To explore the stress and strain responses
of SMPs under flexible external constraints, the fixed strain con-
straint stress recovery case is often investigated. The general 3D
stress-strain-temperature diagram is illustrated in Fig. 3(b). The en-
tire case can be divided into six processes. The initial processes
D—@—0Q) are the same as those in the unconstrained free strain
recovery case. In the fourth process, the unloading condition is
kept at temperature T; for some time. In the fifth process, the SMP
specimen is reheated to the high temperature T, under a fixed
strain constraint. In the last process, the specimen is unloaded at
temperature Tj,.

Table 1
Material parameters adopted from the experiments reported by Liu et
al. (2006).

Material parameters  Units Values

Ty [K] 343

Ty [K] 358

T K] 273

n [-] 4

c [1/K4] 2.76 x 103

E, [MPa] 813

N [mol/m3] 986

o [K-1] —-3.16 x 104 +1.42 x 10-5T

[s]

1

4.1. Model validation using epoxy resin experimental data

To test the stability of the model, we reproduce the SME of an
epoxy resin under different loading patterns (tension, zero-strain
and compression). We simulate the experimental process reported
by Liu et al. (2006), and the model parameters used are shown in
Table 1. All of the model parameters are determined by the param-
eter identification procedure described in Section 3.
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Table 2
Material parameters adopted from the experiments reported by Arrieta
et al. (2014a, b).

Material parameters  Units Values

Tg [K] 310

T [K] 338

T [K] 298

n [-] 4

c [1/K4] 3.6001 x 10~3

Eg [MPa] 8538.93

N [mol/m3]  719.28

o [K-1] —2.066 x 1074 +1.52 x 10-°T
T [s] 10,000 (at T < T) 10 (at T > Ty,

For the unconstrained free strain recovery case, the stress-
temperature results in a cooling process and strain-temperature re-
sults in a heating process with different pre-strains, as shown in
Figs. 4 and 5. The simulated results are in good agreement with
the experimental results, indicating that the model has the ability
to describe the SMPs’ stress response in the cooling process and
predict the strain variation in the reheating process with different
loading patterns.

For the fixed strain constraint stress recovery case, the stress-
temperature results during the heating process are shown in Fig. 6.
From Fig. 6, it can be seen that the modeling results agree well
with the experimental data. Therefore, this model can also be used
to predict the stress and strain responses of SMPs under flexible
external constraints.

4.2. Model validation using acrylate polymer network experimental
data

To show the broad applicability of the model, we use the pro-
posed model to describe the SMB of another material, an acry-
late polymer network. We simulate the experiments reported by
Arrieta et al. (20144, b), and the material parameters used are pre-
sented in Table 2. The reproduction of the SME by the continuum
thermomechanical constitutive model is shown in Fig. 7. Fig. 7(a)
and (b) show the stress-temperature results in the cooling pro-
cess and strain-temperature results in the heating process in the
free strain recovery case. From Fig. 7(a) and (b), it can be seen
that the model is able to reproduce the SME of this material in
the free strain recovery cycle process quite well. For a fixed strain
constraint stress recovery case (as shown in Fig. 7(c)), a remark-
able consistency between the simulation results and experiments
can also be obtained. Under flexible external constraints, the stress
variation with temperature is quite complex. The proposed model
can precisely reproduce the stress slumps phenomenon in the ini-
tial phase of the heating process, increasing around Tg and almost
remaining constant in the vicinity of T,. This cannot be observed
in the results if we don’t consider the time factor in the model.

5. Concluding remarks

In this paper, a thermomechanical constitutive model based on
glass transition and the concept of frozen strain release rate is
proposed to predict the shape memory behaviors of amorphous
SMPs. The proposed model considers the materials as a mixture
of a rubbery phase and glassy phase and thus it can physically de-
scribe the glass transition in SME. In addition, the model is fur-
ther improved by introducing a time factor to make it more fea-
sible. To test its validity and applicability, the model is adopted to
predict the SME of two differently shaped memory materials un-
der free strain and strain constraint conditions. The comparisons of
the simulated results and experimental observations are remark-
ably consistent, indicating that our model can be used for various

SMPs. This model can be used not only to predict the strain or
stress response of SMPs under the free strain condition but also to
reproduce the SMB under various flexible external constraints. We
hope that the proposed approach will be a valuable tool for future
theoretical and experimental research on SMPs. Although we in-
troduced the time factor into the model, the viscosity of polymers
is still not considered in the present work. This factor should be
considered in future works.
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