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(permanent shape) by temperature stimulus. In this work, we propose a novel phase-
transition-based viscoelastic model including the time factor for shape memory poly-
mers (SMPs), which has a clearer physical significance. To describe the phase transition
phenomenon of SMPs, our new model defines different constitutive structures for above
and below transformation temperature separately. As the proposed viscoelastic model is
based on multiplicative thermoviscoelasticity, it can not only be used for different types of
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Phase transition SMP materials, but also can be used to treat large strain problems. To validate the model's

Shape memory polymers availability and show the model's capability of reproducing the shape memory effect

Viscoelastic (SME), two testing examples are predicted with this new constitutive model. The pre-
diction results of the simulation are in good agreement with the available experimental
results.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Shape memory polymers (SMPs) are a kind of soft and smart materials that can maintain a deformed state (impermanent
shape) with a pre-deformation at a high temperature and subsequently cooling it down to a lower temperature. The
memorized original state (permanent shape) can be recovered by rising the temperature. Compared with traditional shape
memory materials e.g., shape memory alloys (SMAs) (Ashrafi et al., 2016; Oliveira et al., 2014; Poorasadion et al., 2015; Yu
et al., 2014), SMPs have many advantages in engineering applications, including highly flexible programming, tunable
properties, biodegradability, biocompatibility, light weight and low cost (Baghani et al., 2012; Hager et al., 2015; Leng et al.,
2009). Due to the superior performance of this kind of materials, SMPs have been widely used in artificial muscles (Marshall
et al., 2014; Ohm et al., 2010), Shaping tissue (Huang et al., 2013), functional textiles (Castano and Flatau, 2014; Hu and Chen,
2010), switchable/recoverable optics (Lee et al., 2014; Xu et al., 2013), self-healing materials (Li et al., 2012; Li and Shojaei,
2012; Shojaei and Li, 2014; Voyiadjis et al., 20114, b), active aircraft equipment, aerospace structures (Behl et al., 2010; Hu
et al., 2012) and pattern transformation (He et al., 2015; Liu et al., 2015). With the increasing significant progress and

* Corresponding author.
E-mail address: zishunliu@mail xjtu.edu.cn (Z. Liu).

http://dx.doi.org/10.1016/j.ijplas.2017.04.004
0749-6419/© 2017 Elsevier Ltd. All rights reserved.


mailto:zishunliu@mail.xjtu.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijplas.2017.04.004&domain=pdf
www.sciencedirect.com/science/journal/07496419
www.elsevier.com/locate/ijplas
http://dx.doi.org/10.1016/j.ijplas.2017.04.004
http://dx.doi.org/10.1016/j.ijplas.2017.04.004
http://dx.doi.org/10.1016/j.ijplas.2017.04.004

Y. Li et al. / International Journal of Plasticity 91 (2017) 300—317 301

deeper understanding of SMPs, they are holding a great importance in both academics and industrial fields, which is further
promoting the fundamental study of these types of materials. Compared with other depth-researched polymers (e.g., Nylon
(Farrokh and Khan, 2010), gels (Chester and Anand, 2010, 2011; Chester et al., 2015), Nitrile Butadiene Rubber (Khan et al.,
2010)), the thermomechanical mechanisms of SMPs are still not very clear. Therefore, it is imperative to develop more
suitable constitutive models for benefiting the exploitation of new-type SMPs and extending the understanding of the
complex thermomechanical mechanisms.

Generally, to develop new macro-constitutive models, two approaches have been mainly adopted for SMPs: viscoelastic
modeling and phase transition modeling. Viscoelastic modeling approach applies rheological models with time-dependent
and temperature-dependent property parameters (Hu et al., 2012). Thermoviscoelastic models commonly consist of spring
elements, dashpot elements and frictional elements. The viscosity, an important feature of polymers, has been introduced
into these viscoelastic models. Thus, the models can not only describe the SME of SMPs qualitatively, but also characterize
viscoelastic properties and the rate-dependent behaviors. Early use of the viscoelastic modeling approach was recommended
by Tobushi et al. (1997, 2001). Such simple models have recently been inherited and developed. Nguyen et al. (2008)
established a new approach to modeling amorphous SMPs with the assumption that structural and stress relaxation are
the primary molecular mechanisms. The feature of their work is that they combined the Adam—Gibbs model of structural
relaxation and a modified Eyring model of viscous flow into a thermoviscoelastic framework. Castro et al. (2010) proposed
another viscoelasticity model that couples the structural relaxation and temperature dependent viscoelastic behavior. Their
model could investigate the effects of thermal rates on shape memory behaviors of amorphous SMPs well. At the same time,
Srivastava et al. (2010) formulated a large-deformation constitutive theory to model the response of thermally actuated SMPs.
By expanding the early viscoelastic method, Ghosh and Srinivasa have developed a series of important constitutive models for
SMPs and obtained reasonable results (Ghosh and Srinivasa, 2011, 2013, 2014). To provide a simpler and more effective
prediction method for SMPs, a succinct three-element model is presented by Li et al. (2015). Even though it is simple, their
model is feasible to evaluate the thermomechanical properties of SMPs. Although all existing viscoelastic models above have
passably described some certain behaviors of SMPs, they are failed to physically relate the SME to glass transition which is a
very important phenomenon for the SMP materials. Thus, the models with a clearer physical implication should be
developed.

A phenomenological formulation for SMPs used in phase transition modeling approach has a clearer physical meaning
than the viscoelastic modeling. The phase transition modeling approach was first introduced by Liu et al. (2006). Their
continuum model used internal variables and constraints to describe the transition between the two phases. The different
kinds of phases are interchangeable and can transform into each other with the change of temperature. After that, many new
models have been developed by extending the work of Liu et al. (2006). Chen and Lagoudas (20083, b) presented a nonlinear
constitutive model to describe the strain storage and stress recovery mechanism of SMPs under large deformation. At the
same time, Qi et al. (2008) proposed a three-phase transition model which is more accurate than that of Liu's et al. model. In
recent years, phase transition modeling approach has still been used by many other researchers to develop constitutive
models of SMPs, such as Reese et al. (2010), Volk et al. (2010), Long et al. (2010), Xu and Li (2010), Gilormini and Diani (2012),
Baghani et al. (2014), Gu et al. (2014), Moon et al. (2015) and Yang and Li (2015). The continuum models based on phase
transition in previous studies can reasonably reflect the glass transition and SME, however, this kind of approach defines the
constructive model without considering the viscosity and the time dependence. They did not include the time factor and
could not describe the creep and stress relaxation of polymers.

Although both of the two modeling approaches have great significance for the development of SMPs, their disadvantages
cannot be ignored. Under such circumstances, a reasonable model with clearer physical meaning which can better present
ample and comprehensive behaviors of SMPs should be imperatively developed. Here, we propose a novel viscoelastic model
based on multiplicative decompositions of the deformation gradient and also have taken the time factor into consideration.
This model has a clearer physical meaning and can successfully represent both the phase transition phenomenon and
viscoelasticity of SMPs. Unlike previous work, which are mainly based on a specific material and limited to small strain
(within 10%), our newly-proposed viscoelastic model unifies constitutive model with SME and can not only be used for
different materials, but also large strain problems. Good agreement between prediction results and existing experimental
data can be observed through the model validation.

The paper is presented as follows. In Section 2, we develop a novel viscoelastic model based on multiplicative de-
compositions of the deformation gradient. One-dimensional form of the proposed model is presented in Section 3. Then, we
give a summary of the progress of the parameters identification in Section 4 and use the introduced model to predict two
testing examples in Section 5. Finally, we draw concluding remarks in Section 6.

2. Constitutive model
2.1. General description of the constitutive model

The SME of SMPs is described by a phase transition at transformation temperature. As a kind of polymer materials, SMPs
are cross-linked structures which can maintain a macro shape of SMPs (Ratna and Karger-Kocsis, 2008) with different mi-

crostructures at different temperature ranges. When they are heated over the glass transition temperature Ty and an external
load is applied, the polymer chains would be reoriented and the cross-linked network would be dislocated which display as a
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macro deformation. Upon cooling and keeping the macro deformation, a kind of reversible phase (secondary cross-links) will
form among the oriented polymer network architectures. The secondary cross-links which are glassy domains for amorphous
SMPs, can fix the deformed shape and lay a good foundation for SME (Leng et al., 2011). As SMPs are reheated to the high
temperature, the secondary cross-links disappear and the macro shape will recover to original shape. To depict the phase
transition phenomenon and the formation and disappearance of the secondary cross-links, we propose a novel viscoelastic
model for SMPs based on multiplicative decompositions of the deformation gradient.

The biggest difference between the ordinary single structural viscoelastic model (e.g., Tobushi et al. (1997, 2001)) and the
proposed model is the different constitutive structures above and below the transformation temperature (as shown in Fig. 1).
When the temperature is higher than the glass transition temperature Ty, the SMPs are in the rubbery state. Under short-term
loadings, rubber is often treated as isotropic incompressible hyperelastic material, while in a long time loading, stress
relaxation and creep should be taken into account. Thus a simple model for SMPs at rubbery state is proposed, as shown in
Fig. 1(a). This model for SMPs at rubbery state is composed of two incompressible hyperelastic elements and a viscous
damping element (Fig. 1(a)). It represents the rubbery phase which is responsible for the permanent shape at a temperature
higher than T; (i.e., rubbery phase branch).

As the temperature decreases below Tg, the material turns into the glassy state. In the glassy state, a kind of reversible
phase, the secondary cross-links may be formed in the local area of reticular structure of SMPs, which act as small locks. The
secondary cross-links lock the material's reticular structure to fix the temporal shape at a temperature lower than T;. When
the temperature increases above Tg, the secondary cross-links disappear and permanent shape is recovered. The secondary
cross-links can be considered as springs in parallel with viscous dampers. Similarly, two spring elements and a viscous
damping element are introduced into the model to simulate the reversible phase — the secondary cross-links (as shown in
reversible phase of Fig. 1(b)) (i.e., reversible phase branch). The constitutive model for SMPs consists of a rubbery phase
branch and a reversible phase branch placed in parallel at T < Ty, as shown in Fig. 1(b).

In the model, the effect of thermal expansion, which is assumed to be independent of the mechanical behavior, is also
considered (as depicted in Fig. 1(a) and (b)).

2.2. Stress and deformation description of overall model

In the proposed model (as shown in Fig. 1), no matter in the rubbery state (T > Tg) or glassy state (T < Tg), the total
thermomechanical deformation gradient of the material F can be decomposed into (Holzapfel, 2000; Lu and Pister, 1975):

F = FyFr (M

where F); and Fr are the mechanical and thermal deformation gradient, respectively.
When the temperature is higher than T, the SMPs are in the rubbery state. At this case, there only exists the rubbery phase
branch. Then, the total mechanical deformation gradient F); is expressed as:

Fy = FpoFy1 = Fgq (2)

where Fg; and Fg, are the deformation gradients of hyperelastic elements and Fy is the deformation gradient of viscous
element in the rubbery phase branch (as shown in Fig. 1(a)).
The total Cauchy stress of the model is:
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Fig. 1. Schematic representation of the proposed constitutive model: (a) Constitutive model for SMPs at T > T, (rubbery state); (b) Constitutive model for SMPs at
T < Ty (glassy state).
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0 =0R1 + o2 (3)

where o, and a5y, are the Cauchy stresses in the two hyperelastic elements. The Cauchy stress in the viscous element in the
rubbery phase branch oy = og;.

When the temperature is lower than T, the material enters the glassy state. In the glassy state, this model is composed of a
rubbery phase branch and a reversible phase branch arranged in parallel (Fig. 1(b)). In this state, Eq. (2) which describes the
deformation gradients in the rubbery phase branch is also valid. The mechanical deformation gradient of the reversible phase
branch Frepersibie is:

Freversible = FElFVZ = FEZ (4)

where Fgq and Fg, are the deformation gradients of spring elements and F, is the deformation gradient of viscous element in
the reversible phase branch (shown in Fig. 1(b)).

The reversible phase branch is formed when the temperature decreases to Tg. As in some previous studies (Ge et al., 2012;
Rajagopal and Srinivasa, 1998a, b), it is assumed that the newly formed phase is formed in a stress-free (natural) configu-
ration. At T = Ty, the newly formed reversible phase branch satisfies the condition Fipie = 1. Thus, the relationship be-
tween Fy; and F,ersipe Can be expressed as:

Fy = FM—TgFreversible (5)

where Fy_, is the total mechanical deformation gradient of the model at T = T,.
In the glassy state, the total Cauchy stress of the model is rewritten as:

0 = 0R1 + Opy + 01 + 0p (6)

where g5, and o, are the Cauchy stresses in the two spring elements. The Cauchy stress in the viscous element in the
reversible phase branch ey, = 61, and gy = o, is also valid.

2.3. Rubbery phase

The stress and strain responses of SMPs are determined by the rubbery phase branch when there are no secondary cross-
links when T > T,. As shown in Fig. 1(a), the rubbery phase branch consists of two incompressible hyperelastic elements and a
viscous damping element.

To depict the hyperelasticity of SMPs in rubbery state, we use the Mooney—Rivlin model (Mooney, 1940; Rivlin, 1948)
which is widely applied in rubbery material for the constitutive relation of the two hyperelastic elements. The strain energy
density function for an incompressible Mooney—Rivlin solid is (Mooney, 1940):

W =Cio(ly —3) +Co1(l2 = 3) (7)

where Cyg and Cy; are two material constants, I; and I, are the first and second invariant of the left Cauchy—Green defor-
mation tensor B:

I; = trace(B) = 13 + 23 + 23 (8)

I, = trace(B-B) = (M132)* + (Jak3)* + (311)? (9)

where B = FFT and ; are principal stretches. For an incompressible material, the volume ratio J = det(F) = A; 1243 = 1.
From the Mooney—Rivlin model, the Cauchy stresses in the two incompressible hyperelastic elements can be given by:

o1 = —Pril + 2CRIBRy — 2CK B! (10)
ory = —Prol + 2CR2Bg, — 2CK2Bg) (11)

where By! = Bry-Bri — If'Bgy + I§'L, By = Bra-Bro — IRBry + I821, pry = 3 (CRUR — CRIIRY), pry = 3(CRIR? — CR2R2). oy
and e, are the stresses in the two hyperelastic elements (denoted by subscript R1 and R2), the material constants, invariants
and deformation tensors (denoted by subscript or superscript R1 and R2) represent their values in the two hyperelastic el-
ements, respectively. I is the second order unit tensor.

For the viscous damping element in the rubbery phase branch, we assume that the viscous damping is Newton fluid, the
viscous stretch rate of the viscous damping element Dy can be obtained:
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1
Dy = —My; (12)
Ukt

where 7, is the viscosity of the viscous damping element in the rubbery phase branch and My is the Mandel stress of this
element.

In the case of isotropic material behavior and gvolution equations of the form of Eq. (12), only the symmetric part of the
viscous spatial velocity gradient is defined, Ly = Fy4 FQ} .My is independent on the rotation tensor and the spin tensor, then
we have:

Dy, = Fy F; (13)

In the viscous damping element, the relationships among the Mandel stress, the second Piola-Kirchoff stress Sy; and the
Cauchy stress oy are:

My; = Cy1Sy; and Sy = jy1Fyioy 1 Fy{ (14)
where Cy; = F%FW is the right Cauchy—Green deformation tensor and jy; = 1/Jy1 = 1/det(Fyy).
2.4. Reversible phase (secondary cross-links)

When the material is in the glassy state (T < Tg), the model is composed of a rubbery phase branch and a reversible phase
branch. The rubbery phase branch has been established in section 2.3. In this section, we constitute the each part of the
reversible phase branch.

The viscous damping element in the reversible phase branch is also assumed as Newton fluid, thus, the viscous stretch rate
Dy, is:

1
Dy; = —My;, (15)
M2

where 7, is the viscosity of the viscous damping element in the reversible phase branch and My, is the Mandel stress of this
element.
Similar with Eqgs. (13) and (14), we have:

Dy, = Fy,Fy) (16)

My; = Cy»Sy, and Sy, = jyoFyloyoFy) (17)

where My, Sy, and o, are the Mandel stress, second Piola-Kirchoff stress and Cauchy stress in the viscous damping element
in the reversible phase branch and jy, = 1/Jy, = 1/det(Fy).

For the two spring elements in the reversible phase branch, we introduce a corner mark i in parentheses to distinguish
parameters of the two spring elements (i.e., i = E1 and i = E2 correspond to element E1 and element E2, respectively) and
consider the Hencky finite hyperelastic equation to describe them. Hencky strain is a favored measure for large deformation
where principal directions of strains rotate (Onaka, 2010), then we have (Bruhns et al., 2002; Hencky, 1928):

7 = A;(Inf))1 + 2u;h; (18)

where /; and p; are the classical Lamé elastic constants, 7; is the Kirchhoff stress tensor, which can be expressed by the volume
ratio J; and the Cauchy stress tensor ¢}, 7; = J;0;, and h; is the Hencky's logarithmic strain tensor.
The Hencky's logarithmic strain tensor h; is defined as:

1
hi = ilnBi (19)
where B; = F;F'.
For easier use of the Hencky equation, we rewrite Eq. (18) into component wise schemes. Suppose that the reference
configuration of any Hencky material point is at X, and the current configuration is at x. Then, let Ex, Ey and E; be a reference
rectangular Cartesian basis and let ey, e, and e, be a current rectangular Cartesian basis. The deformation gradient F; is:

F; = Jiex®Ex + M, ®Ey + A.e;®E; (20)

where Ai, A;, and A; are stretches in the three current coordinate axes directions, respectively.
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The left Cauchy—Green deformation tensor B; = F;F] becomes:
2 2 2
B; = <AX> ex®ey + (Ay) eye, + <AZ> e, Qe (21)

The Hencky strain tensor h; can be obtained from its definition (Eq. (19)):

h; = ln(xi)exeaex + 1n(x;)ey®ey + 1n<xg)ez®ez (22)

The volume ratio J; is:
Ji = det(F;) = 2,7, (23)
For the isotropic Hencky material, the Cauchy stress tensor a; is coaxial with the left Cauchy—Green deformation tensor B,.
Therefore, g; can be written as:
g; = Oiex®ex +0';,ey®ey +0;ez®ez (24)

where di, oj, and ¢}, are the stress components in the three current coordinate axes directions, respectively.

The classical Lamé elastic constants 4; and y; in Eq. (18) can be replaced by:

viE; Ei

;= 1 — .
A= T a =z M= 30 (25)
where E; is the Young's modulus and »; is the Poisson ratio.
Inserting Eqs. (22—25) into Eq. (18), we have:
. E: : : .
P —l . 1 ) 1 1
J = =5 [(1 pln A+ v, (ln 2, +1n AZ>]
. E; : . .
P —1 . 1 . 1 1
Iy = = T v [(1 y)ln 2 +;(In 2 + In /\z)} (26)
. E; . . .
gl = . 1 . 1 1
I = = [(1 pIn A + v, (m 2 +1In AX)}

Eq. (26) provides the component wise schemes of governing equations for the two spring elements (i.e.,i = E1 and i = E2
correspond to element E1 and element E2, respectively).

2.5. Thermal deformation

Without loss of generality, we assumed that the thermal expansion and contraction effect are isotropic and independent of
the mechanical properties. Thus, the thermal deformation gradient F; becomes:

Fr=J;”’1 27)
where Jr is the volume ratio due to thermal deformation and is defined as:

V(T)

W (28)

Jr=

where V(T) is the volume at temperature T and Vj is the reference volume at a selected reference temperature Ty (To > Tg).
For many polymers, the coefficient of thermal expansion (CTE) is different when the materials are in different states.
Supposed that in the rubbery state, the CTE of polymers is ag and in the glassy state, the CTE of polymers is ag. Then we can
get the volume ratio in different material states as follows.
When the material is in the rubbery state (T > Tg):

Jr = = 1+ (T = To)* =1+ 3ag(T - To (29)

When the material is in the glassy state (T < Tg):



306 Y. Li et al. / International Journal of Plasticity 91 (2017) 300—317

L= 14 ag(Tg — To) + ag(T = Tg) > =1 + 3ag(Tg — To) + 3ag (T — Ty) (30)

2.6. Time-discrete form of the constitutive model

In this sub-section, we investigate the numerical solution of the proposed constitutive model. The total stress is
complicated because the deformation gradients of viscous elements are unknown except the mechanical deformation Fy,.
Therefore, the total stress and the variables are updated from the mechanical deformation history. We subdivide the time
interval of interest [0, t] into sub-increments. For a generic advancement of time [t;, t;,, 1], the stress and deformation tensors
are denoted by subscript n at time t; and n + 1 at time t,, 1, respectively.

When the SMPs are in the rubbery state, from Eqs. (12—14) as well as oy = of,, we can obtain the relationship between
Fyq and Fp; as:

Bryo
FyoLy1Fp, = % (1)

Discretization of the evolution equation (31) by the so-called exponential mapping (Chen et al., 2014; Reese and
Govindjee, 1998) gives:

% In <Bl’§1 ) = At I:IRZ =In <B"’al> (32)

Where B — (FR1)- (€8~ - (Fy T = (Fy Y- (F) 1 (BRy) - (F3y) T - (F& )T is the coupling term of By, between the time
tp and the time t,, 4.
The stress of hyperelastic element R2 at the time t; is:

oy = Pl + 2C2BL, — 252 (BY,) ™! (33)

Substituting Eq. (33) into Eq. (32), Bg, can be solved with the initial condition that Bg,(t = 0) = L
From Eq. (10) and Fg; = Fy, the stress of hyperelastic element R1 at the time ¢, is

-1
ol = —pil + 2C{3BY — 237 (BY) (34)
Thus, the iteration the total Cauchy stress of the model, in the rubbery state, is

" = o}y + 0}, (35)

When the SMPs are in the glassy state, from Egs. (15—17) as well as oy, = 61, we can obtain the relationship between Fy,
and Fg; as:

Bgiog;

FgLyyFy = (36)
M2
Similar with Eq. (32), discretization of the evolution equation (36) can be obtained as:
1 n+1 E] trial
5 (BEl ) Aty Lin (B ) (37)

Where Bfi" = (FLEL ) (€)™ (FI i) = (I i) (s cine) ™" (B« (Flyersipe) - (FILt

reversible reversible reversible 1 reuerszble reversible
of By between the time t, and the time &1, Froyersiie = Far1,Fiy-

We come to the stress of spring element E1 from Eqs. (18) and (19) at the time tj:

)T is the coupling term
oh = (AEl (InJg;)1 + 24z In(Bfy) %) (38)

Substituting Eq. (38) into Eq. (37), Bg; can be solved with the initial condition that Bgy (T =Tg) =1
The stress of spring element E2 at the time t, can be obtained from Eqs. (18) and (19) as well as Fgy = Feersible = F,\‘,,LTEFM,
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1/2
UEZ =T AE1 (an?eversible)l + 2 ln(B?&/ersible) / ) (39)

reversible

As a result, the iteration the total Cauchy stress of the model, in the glassy state, is

" =0y +0py + 0F + 0h (40)

In this section, a three-dimensional (3D) thermomechanical constitutive model and corresponding elements of the model
have been established. To validate the model by comparing simulated results of the model with uniaxial tensile experiments,
we will apply the 3D model to uniaxial tensile state in section 3. Furthermore, the model parameters are determined and the
verification results are carried out in successive sections.

3. One-dimensional form for the proposed model

To verify our model, we compare the model simulation results with the experiments available in the literatures (Tobushi
etal, 1997, 2001; McClung et al., 2013). The experiments which implement the shape memory cycle are normally in uniaxial
tension state. Therefore, we provide a summary of one-dimensional form for the proposed model in this section.

3.1. The constitutive relations of each element of the proposed model in uniaxial tension

For the two hyperelastic elements which are considered as the incompressible Mooney—Rivlin material, the Cauchy stress
under uniaxial elongation can be calculated as:

or1 = 2Cf5 (AIZH - 31311) +2C§; (ARl - /11?12) (41)

ora = 2C15 (Aﬁz - AEJ) +2Cf7 (ARZ - AEZZ) (42)

where Ag; and Ag, are the stretches of the two hyperelastic elements.
For the viscous damping element in the rubbery phase branch, apply Eqgs. (12—14) to uniaxial tension, the Cauchy stress of
this viscous damping element can be obtained:
Ay

ov1 :771711 (43)

where Ay is the stretch and 4y is the time derivative of stretch.
In the same way, the Cauchy stress of the viscous damping element in the reversible phase branch can also be obtained:

A.
oy = 7]2% (44)

where 4y, and Ay, are the stretch and the time derivative of stretch of the viscous damping element in the reversible phase
branch, respectively.
For the two spring elements, the constitutive relation of a 1D spring is (Sweeney et al., 1999; Wong et al., 2011):

op1 = E1 In(4g1) (45)
op2 = E> In(Agp) (46)
where Ag; and Ag, are the stretches of the two spring elements.
3.2. Overall model description for uniaxial tension

First, we can obtain the total deformation from Eq. (1). Applying Eq. (1) to uniaxial tension, the total stretch of the model A
is obtained as:

A= Ay (47)

where Ay, is the total mechanical stretch and Ay is the thermal stretch.



308 Y. Li et al. / International Journal of Plasticity 91 (2017) 300—317

At T > Tg, the constitutive model for SMPs is presented as Fig. 1(a), from Egs. (2) and (3), the total mechanical stretch and
total Cauchy stress of the model can be obtained as:

M = Ar2Avi = g1 (48)

0 = 0R1 +0g2 = Ogy + 0y1 (49)

where g1, 0gp and oy are the Cauchy stresses in the three elements in the rubbery phase branch. The relationships between
these stresses and their respective deformation are given in Eqs. (41—43).

At T < Tg, the constitutive model for SMPs is presented as Fig. 1(b). In this state, Eq. (48) which describes the deformations
in the rubbery phase branch is also valid. From Eqgs. (4) and (5), the mechanical stretch of the reversible phase branch A, ersipie
and total mechanical stretch 4j; can be expressed as:

Areversible = AE1Av2 = Ap2 (50)

AM = AM—Tg Areversible (51)

where Ay_t, is the total mechanical stretch of the model at T = T,
Because of the existence of reversible phase branch, the total Cauchy stress of the model is rewritten as:

0 =0R1 +Opp +0F1 + 0 (52)

As previously mentioned, the above stresses of each part are given in section 3.1. It follows from the series arrangement of
the hyperelastic element (R2) and the viscous element (V1) in the rubbery phase branch that: gy = gz, and from the series
arrangement of the spring element (E1) and the viscous element (V2) in the reversible phase branch that: gy, = 0g1.

4. Determination of the model parameters

In the proposed model, the parameters of six model elements and the CTE of materials need to be determined. In this
section, we give a summary of the progress of the parameters identification.

For an incompressible Mooney—Rivlin material, the two Cyg and Cy; satisfy ug = 2(Cy¢ + Co1), where up is the initial shear
modulus of hyperelastic element. uz can be replaced by up = z(fJ':VR) with Eg the initial tensile modulus and v the Poisson
ratio. For the two incompressible hyperelastic elements vz = 0.5 and Eg = 6(Cjg + Cpy). Using an empirical formula
Co1 = 0.25Cqp, such that Cig = Eg/7.5, Cp; = Eg/30. Therefore, we only need to determine the modulus of the two
hyperelastic elements Eg; and Eg,, and then the Mooney—Rivlin model constants can be obtained.

In general, there are six parameters Egy, Ego, 1, E1, E2 and 7, in the rubbery phase branch and the reversible phase branch
need to be identified. The modulus and tensile properties of SMPs are influence by the temperature. In the same way, the
above model parameters (Egy, Ega, 11, E1, E2 and 7,) are dependent on the temperature. To determine these temperature-
dependent model parameters, we adopt the uniaxial tensile tests of SMPs at different temperatures which have been car-
ried out in many literatures.

At T> Tg, the model only has three elements in the rubbery phase branch which represent the primary cross-links of SMPs.
The parameters of the rubbery phase branch Egy, Eg, and 7; can be obtained by using an empirically definition (Tobushi et al.,

2001):
(- 1)] (53)

where x denote the parameters Egy, Eg, and 71, X is the value of x at temperature T = Ty, ay is the exponent for each coefficient
X.

X = Xg eXp

Based on the uniaxial tensile tests of SMPs at a series of temperatures above Tg, the temperature-dependent parameters
Eg1(T), Egz(T) and 74 (T) would be determined.

When the temperature reaches Ty, the reversible phase branch displaying the secondary cross-links would be introduced
to the model. It is reasonable to assume that the secondary cross-links start to form at T = T, and the newly formations would
be gradually increased with the temperature decreased continuously. To describe the continuous phase transition process, we
introduce a frozen fraction which can characterize the fraction of the frozen phase (Liu et al., 2006): ¢¢(T) =1 — m
where T; is the reference temperature, ¢ and n are two undetermined parameters. The frozen phase is frozen because the
secondary cross-links lock the material's reticular structure. The more the secondary cross-links lock, the larger the fraction of
the frozen phase becomes. Hence, we assume that the model parameters in the reversible phase branch and the frozen
fraction change approximately in the same way. The three temperature-dependent parameters E; (T), E5(T), 7, (T) are defined
as:
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Table 1
Model parameters in the rubbery phase branch adopted from experiments reported by Tobushi et al. (1997, 2001).
Coefficients T>343K 343K >T>313K T <313K
CR1(MPa) 1.8 3.5829 exp [7.8706 (L;K - 1)] 3.5829
CR1(MPa) 0.45 0.8957 exp [78706 (L?K - 1)] 0.8957
CR2 (MPa) 1.75 16.3245 exp {25.5312 (% - 1)] 16.3245
CR2(MPa) 0.4375 4.0811 exp [25‘5312 (L;K - 1)] 4.0811
17 (MPa*s) 964.078 11740.215 exp [28,5788 (% - 1)} 11740.215
Ey(T)=Eq{|1- ;nm (54)
1+ CE1 (Tg — T)
Ey(T)=E, 1—;@ (55)
1+ Cp (Tg — T)
no(T) =5 1 ! (56)
) =1, e —
1+cp(Tg—T)"

where Eq, E; and 7, are limited values of the three parameters, g1, 1g1, Cg, g2, G2 and 1, are the undetermined parameters
for the three parameter definitions which can be determined by fitting the experimental data. At T = T, the secondary cross-
links start to form and the values of the parameters are zero; as the temperature decreases, the more secondary cross-links
form and the values of the parameters will be higher and approach to the limited values gradually.

The model parameters in the rubbery phase branch have been determined before, so the temperature-dependent pa-
rameters E; (T), Ex(T) and 7,(T) can be determined by fitting the uniaxial tensile test data of SMPs at temperatures lower Tg.

The CTE of materials which is given in the literatures (Tobushi et al., 1997, 2001; McClung et al., 2013) and can be directly
measured by the DMA machine. In this study, we adopt the available CTE of materials from pertinent literatures.

5. Results and discussion

In this section, we use the proposed model to predict two testing examples and compare the model predicted results with
experimental data available in the literatures. The shape memory behavior of a polyurethane SMP with different pre-strain
levels and shape memory cycle prediction of Veriflex-E epoxy SMP for large strain are investigated to validate this model.

5.1. Shape memory behavior of SMP with different pre-strain levels

To test the stability of the model, we simulate thermomechanical tests with several pre-strain levels reported by Tobushi
et al. (1997, 2001). The parameters used in the model are shown in Tables 1 and 2. For this material, the CTE
ag =ag =11.6 x 10->K~1. Figs. 2—4 show the stress-strain curves, stress-temperature curves and strain-temperature curves
in free strain recovery case with three different pre-strain e, respectively. To compare model reproductions, the numerical
simulation results of Tobushi et al. (1997, 2001) are illustrated in Figs. 2—4, too. It shows that our present simulated results are

Table 2
Model parameters in the reversible phase branch adopted from experiments reported by Tobushi et al. (1997, 2001).
Coefficients T>328K 313K <T < 328K T <313K
1
E; (MPa) 0 277758.5 [1 — TETO T m} 716.54324
1
E> (MPa) 0 1753.63504 [1 ~ 11338226510 428K T ,Gm] 13.84114
1
0y (MPa*s) 0 41506500 {1 - oot (3281(4),%} 96284.99663




310 Y. Li et al. / International Journal of Plasticity 91 (2017) 300—317

T x T T ) T b T ¥ T T v T T X T ¥ T
25 &n=2.4% . 30 &n=4% b
| O Experiments O Experiments
i Tobushi et al(2001) 25 Tobushi et al(2001) B
20 | <
{— Present work Present work
T fm\2.0 o -
o155 - o
s =
» w15 -
0 1]
210 i o
7 D10k §
05 -
0.5 -
00| &= . 0.0+ 4
1 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 25
Strrain (%) Strain (%)

(a) (b)

5 T T T T T T
ea=10%
i O Experiments |
i Tobushi et al(2001)
Present work
=3 .
a
=
7
1L 4
0 .
1 1 1 1 1 1

Strain (%)

(©

Fig. 2. Stress-strain curves: (a) e = 2.4% , (b) em = 4%, (c) em = 10%. Experiments reported by Tobushi et al. (1997) and Tobushi et al. (2001).

better according with the experimental observations than the predictions of Tobushi et al. (1997, 2001), indicating its
feasibility to reproduce shape memory behavior of SMP with different pre-strain levels.

5.2. The shape memory cycle prediction for large strain (more than 10%)

In previous research work, most constitutive models of SMPs are based on a specific material and limited to small strain
behavior which narrow the application of models. To show the wide applicability of our model, we perform the shape
memory cycle prediction of another material (Veriflex-E epoxy SMP) for large strain (larger than 10%) and compare it with the
experimental results in McClung et al. (2013). The experimental details can be found in McClung et al. (2013) and the model
parameters used in this case are shown in Tables 3 and 4. For this material, ag = 2.893 x 10~%K~! and o = 3.498 x 10°K 1.

In the experiment, the temperature of the SMP sample is artificially controlled. The temperature history over time in the
shape memory cycle is presented in Fig. 5. To better understand the shape memory behavior, we divide a shape memory cycle
into 5 processes based on the change of temperature (as shown in Figs. 5 and 6). In the process 1, the SMP sample is pre-
tensioned to 60% strain and the strain is maintained for a while at 130 °C. In the process 2, the sample is cooled down to
25 °C while the constant strain is maintained. After cooling, the constant strain is held at 25 °C for 1 h in the process 3. In the
initial stage of the process 4, the strain constraint condition is rapidly removed from the sample at 25 °C. Then, the sample is
reheated from 25 °C to 130 °C. After the heating, the temperature is held at 130 °C for 1 h in the process 5.
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Fig. 3. Stress-temperature curves: (a) e; = 2.4% , (b) em = 4%, (c) em = 10%. Experiments reported by Tobushi et al. (1997) and Tobushi et al. (2001).

Fig. 6 shows the comparison between the model prediction and experiment in free recovery shape memory cycle. From
the comparison, we can see that the modeling results agree fairly well with the experimental data in reproducing the stress
history and strain evolution. But there are some small discrepancies: (1) During the process 2, there is time-lag of the
experiment with modeling results in stress evolution. And at the end of the process 2, the stress value of the model is larger
than the experimental one. (2) During the process 3, the modeling stress decreases a little while the experimental stress
continues to increase slowly. (3) During the late-stage of the process 4 and the initial stage of the process 5, there is time-lag of
the experiment with modeling results in strain evolution.

The above discrepancy occurs in the processes of temperature change or at the beginning of temperature change
completion, and the discrepancy mainly appears as time-lag of the experiment with modeling results. So we make a
reasonable hypothesis that the practical temperature lags behind monitor temperature in time due to the realization of
thermal equilibrium. By assuming this, we can see that in the process 2, the sample is cooled. The monitor temperature which
is used in model simulation is always lower than practical temperature of sample and the modeling stress would be always
higher than experimental stress. In the process 3, the sample is held at constant strain and constant temperature. In this
holding process, the strain frozen and thermal deformation stop changing while the stress relaxation continue to exist. Thus,
the stress should decrease in theory. In the experiment, at the end of the process 2, the actual temperature is not cooled to
25 °C yet. It would continue to drop to 25 °C in the holding process 3. Therefore, we observed that the experimental stress
continues to increase slowly while the modeling stress decreases. Similarly, in the reheating process 4, the practical tem-
perature lags behind monitor temperature and the strain recovery of experimental observation lags behind the modeling
results.
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Fig. 4. Strain-temperature curves: (a) e; = 2.4% , (b) em = 4%, (c) em = 10%. Experiments reported by Tobushi et al. (1997) and Tobushi et al. (2001).

To revise these discrepancy caused by thermal lag, we make a left-ward shift (0.23 h) in the experimental stress-time curve
and strain-time curve (as shown in Fig. 7). We mainly focus on the stress evolution in the processes 2 - 3 and the strain
recovery in the processes 4 - 5. A good agreement between the model predictions and shifted experimental data is presented
in Fig. 7, proving that our model can effectively predict the shape memory behavior of Veriflex-E epoxy SMP for large strain.

Table 3

Model parameters in the rubbery phase branch adopted from experiments reported by McClung et al. (2013).
Coefficients T>368K T < 368K
Rl (MPa) 0.639216 exp [24.86407 (@ - 1)} 0.639216
CR1(MPa) 0.159804 exp [24,86407 (@ - 1)} 0.159804
CR% (MPa) 1.660024 exp [9418957 (% - 1)} 1.660024
CR2(MPa) 0.415006 exp [94.18957 (% - 1)} 0.415006
01 (MPa*h) 0.16854 exp {2470961 (% - 1)] 0.16854
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Table 4
Model parameters in the reversible phase branch adopted from experiments reported by McClung et al. (2013).
Coefficients T>368K T < 368K
1
Eq (MPa) 0 1197.12235 [1 - 1+3.59017><10*1"(368K—T)“4”5:|
1
E(MPa) 0 2854.71345 [1 ~ 118.94004x10-4 (368K—T)" "™ ‘]
1
112 (MPa*h) 0 171.6827 [1 - 1+4.19473x10’5(368K—T)45415{|
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Fig. 5. Temperature-time history of the SMP sample in the shape memory cycle. Experiments reported by McClung et al. (2013).

5.3. Multiaxial loading case

In this sub-section, we simulate a multiaxial loading case (equal-biaxial force) to show the full capabilities of the proposed
model under multiaxial loading path. The similar important works were investigated by Baghani et al. (2012). In this example,
the main parameters as shown in Tables 1 and 2, are adopted. In the first loading step, the strains e1; = 0.1 and &5, = 0.1 with
strain rate of 8.33 x 10~3s~1 are applied at an elevated temperature T,. Then, we hold the strains (17 = 0.1, £y = 0.1) and
decrease the temperature to a lower temperature T; with cooling rate of 0.133 K/s. In third step, the strain constraint con-
ditions are removed. After that, the specimen is in temporary shape. Finally, the SMP specimen is reheated to high tem-
perature T, under the free strain condition with heating rate of 0.0667 K/s. Through reproduction of above four loading steps,
the stress-temperature curves, stress-strain curves and strain-temperature curves under equal-biaxial force case are depicted
in Fig. 8.

From Fig. 8(a), it can be observed that the stresses (11, 0,,) decrease in the early stage of cooling, then, increase around Tg
and almost remain constant in the vicinity of Tj, . It happens due to that the stress responses of the SMP are affected by three
factors: stress relaxation, thermal strains and phase transition. Further studying Fig. 8(b) and c, we can find that after
unloading, a temporary shape is maintained; and after reheating, some residual strains are remained in SMP.
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Fig. 6. The comparison between the model prediction and experiment in free recovery shape memory cycle: (a) the curves of stress-time, (b) the curves of strain-
time. Experiments reported by McClung et al. (2013).
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Fig. 7. The comparison between the model prediction and shifted experimental data: (a) the curves of stress-time, (b) the curves of strain-time. The left-ward
shift value is 0.23 h. Experiments reported by McClung et al. (2013).

6. Concluding remarks

In present study, a novel viscoelastic model for shape memory polymers (SMPs) based on multiplicative thermoviscoe-
lasticity is established for SMPs and is used to reproduce the SME of different shape memory materials. The simulated results
are compared with available experimental results and a remarkable consistency between the model prediction and exper-
imental data can be obtained. From the results and discussion, it demonstrated that the present model shows several ad-
vantages comparing with previous models:
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Fig. 8. Simulation of free recovery shape memory cycle for equal-biaxial force case: (a) the stress-temperature curves, (b) stress-strain curves, (c) strain-
temperature curves.

(1) In previous research work, there is still a lack of unified constitutive model with shape memory effect. At the same time,
most studies of SMPs are only based on a specific material. While our model can be used to various SMPs. The pa-
rameters of the model can be easily determined by the corresponding experimental results.

(2) Many models are limited to small strain (within 10%). The current model is also able to simulate the behavior of large
strain case.
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