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ABSTRACT

This paper presents a theoretical study and finite element simulation for the buckling of a thin film on
the compliant substrate. First, we develop a continuum mechanics approach for large deformation
buckling analysis based on minimizing the total energy of the film/substrate structures, and considering
the precise curvature of the buckled film and the Poisson's ratio of the substrate. The predicting results
using this proposed theory agree quite well with previous experimental results. Then, we make a
modification for the model to simplify the expressions for the wavelength and amplitude of the buckled
geometry. Furthermore, considering a thin Si film on shape memory polymer (SMP) substrate, we
investigate the buckling behavior of the thin film through theoretical analysis and finite element method.
Through the investigation, it is found that the evolution rate of the buckling geometry of thin film de-
pends on the temperature of the SMP substrate, and the buckling geometry changes faster at a higher
temperature. Finally, a programmed method to control the buckling of thin Si film on the SMP substrate

is proposed and is realized with finite element simulation in ABAQUS.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

During the past decades, the thin film/substrate structures have
attracted many researchers because of their potential applications
in many fields, such as stretchable electronics (Khang and Rogers,
2006; Sun et al.,, 2006), tunable phase optics (Harrison et al.,
2004; Yang and He, 2014), high precision micro- and nano-
metrology methods (Stafford et al., 2004, 2006; Wilder et al.,
2006; Zhou and Huang, 2014), and pattern formation for micro-/
nano-fabrication (Bowden et al., 1998,1999; Yoo et al., 2002; Chiche
et al., 2008; Chen and Crosby, 2014; Alireza and Faramarz, 2015;
Park et al., 2015; Wang et al., 2015a; Huang et al., 2016). In these
thin film/substrate structures, the fragile and stiff thin films are
usually placed on the pre-stretched compliant substrates, and the
binding at the interface leads to the bucking of the film.

The buckling phenomenon of thin films on a compliant sub-
strate was first observed by Bowden et al. (1998) when they
deposited metal films on a thermally expanded polymer. They also
observed that the metal films form wrinkles spontaneously upon
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cooling. This finding allows them to generate complex ordered
wrinkle patterns with wavelengths from sub-micrometer to mi-
crometers (Bowden et al., 1999; Chua et al., 2000; Yoo et al., 2002),
and it has been applied in assembling 2D micro/nanomaterials into
complex 3D functional architectures by compressive buckling
(Dickson, 2015; Xu et al, 2015; Wang and Zhao, 2016) and
explaining the pattern formation mechanism in plants(Liu et al.,
2010, 2011, 2013, 2015). On the other hand, the buckling of the
stiff and brittle films on compliant substrates can provide large
deformability for tension, compression, bending (Zhang and Chen,
2009) and other loading conditions (Ou et al., 2016). Taking
advantage of this property, many kinds of stretchable electronics
and devices are developed recently (Song et al., 2009; Low and Lau,
2014; Wang et al., 2015b).

According to previous study, the underlying buckling mecha-
nism of film has been generally understood as a stress induced
instability (Groenewold, 2001; Huang and Suo, 20023, b; Chen and
Hutchinson, 2004). For a stiff film bonded on a compliant substrate,
there is a critical compressive stress/strain, beyond which, the film
will form buckles. If the substrate is pure elastic, the critical stress/
strain is constant (Huang et al., 2005; Jiang et al., 2007a, 2008a;
Song et al., 2008; Cheng et al., 2014). However, if the substrate is
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viscoelastic, the critical stress/strain will be changing with time and
the buckling will become a kinetic process (Huang, 2005; Im and
Huang, 2005; Huang and Im, 2006; Mokni et al., 2008; Jiang and
Li, 2009; Chatterjee et al., 2015).

In the case of a thin film completely bonded on the compliant
substrate and under a certain compressive stress/strain, the buck-
ling geometry of the film is only determined by the relative moduli
and thicknesses of the film and substrate. This phenomenon has
been proved both experimentally and theoretically (Chen and
Hutchinson, 2004; Song et al., 2008). To control the buckling ge-
ometry, Sun et al. (2006) developed an engineering approach to
bond the Si nanoribbons partly on the PDMS substrate, and with
this method, the buckling geometry could be controlled within the
demanding range (Wang and Feng, 2009; Chen et al., 2011). Sub-
sequently, Jiang et al. presented a nonlinear model to study the
buckling mechanics of this type of thin film/substrate structures
(Jiang et al., 2007b, 2008b).

To form different buckling patterns for thin film/substrate
structures, many researchers utilize shape memory polymer (SMP)
as the substrate (Fu et al., 2009; Xie et al., 2010; Zhao et al., 2011),
because the shape memory effect makes it convenient to fabricate
the buckling patterns. Among them, Li et al. (2012) developed an
approach to create both reversible and irreversible wrinkling pat-
terns by utilizing SMP as substrate and gold thin film as the top
layer. Similar to Li's approach in creating the irreversible buckling
pattern, Chen et al. (2012) developed an assisted self-assembly
fabrication method using pre-programmed SMP as the substrate
in the bi-layer film/substrate structure, and studied defect forma-
tion and post-buckling pattern evolution.

In this work, we study the large deformation buckling of thin
films on compliant substrates and propose the buckling control
method of film with the help of SMP substrate. Unlike the con-
trolling method developed by Sun et al. (2006) who use partly
bonded nanoribbons to control the buckling geometry, we use SMP
as substrate to control the buckling of the thin film. The program-
ming process is also different from the common methods which
use SMP as substrate to create buckling patterns.

In our study, we consider the case of the buckling with thin films
completely bonded on the compliant substrates. The schematic of
buckling under consideration is illustrated in Fig. 1. First, the strain-
free substrate of initial length Ly is stretched to a nominal pre-strain
of epre (Step 1). Then, the strain-free Si film of length (1+epre)Lo is

Lo
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substrate

l Pre-tension
(I+epre)lo |

!

X

~

Stretched « — Strain-free Si film

substrate
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L,
i X
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released < Buckled Si film
substrate

Fig. 1. Schematic of buckling of thin film on a compliant substrate.

bonded to the stretched substrate (Step 2). Upon releasing the pre-
strain of the substrate, the buckling occurs in the film (Step 3). In all
processes, it is assumed that the binding between the Si film and
the substrate is strong enough without debonding.

The paper is organized as follows. First, a continuum mechanics
model for the buckling of the thin film is derived based on the
minimization of the total strain energy of the film/substrate system
in Section 2, and the comparison with previous theories and
experimental results is given. Then, a theoretical analysis and finite
element simulation of the buckling property for a thin Si film on the
SMP substrate are carried out in Section 3. Next, a programmed
method to control the buckling of thin films on SMP substrate by
take advantage of the shape memory property of the substrate is
present in Section 4. Finally, the concluding remarks are given in
Section 5.

2. Theoretical analysis of the buckling of film on a compliant
substrate

Since the thickness of the thin film is several orders smaller than
its length, the film can be treated as a beam. Because of the
contraction of the substrate, the film will buckle into a wave
configuration, which is schematically shown in Fig. 2. Here, the x
axis is along the pre-stretched direction of the substrate and y axis
is perpendicular to the surface of the substrate. To simplify the
problem, plane-strain problems are considered in present analysis.

The membrane strain in the film is related to the in-plain
displacement u and out-of-plane w by

ou 1 /ow\?
(9 1
T2 <ax> M
If the Young's modulus of the substrate E; is much smaller than
the modulus of the film Ef (Es<Ey), the membrane strain is almost
constant and much smaller than the bending strain. By assuming

the membrane strain in the film is constant, Eq. (1) can be derived
as

ow 92w
ox 0x?2

0e U
ox  0x2

-0 2)

2.1. Continuum model for small deformation buckling

Assume that the out-of-plane displacement w of the buckled
thin film is a cosine wrinkle with amplitude A and wavelength A =
2w/k (i.e., w = A cos kx), and then the buckling geometry can be
determined by a small deformation theory based method (Huang,
2005). Substituting w = A cos kx into Eq. (2), the governing equa-
tion of in-plane displacement u of the film can be expressed as
U 42k sin kx cos kx = 0 3
@4’ sin kx cos kx = 3)

Thus, the in-plane displacement u of the film can be obtained by
solving Eq. (3)

u :%Azk sin 2 kx 4+ C1x + G, (4)

where the two parameters C; and C, can be determined according
to the boundary conditions. By ignoring the rigid body displace-
ment of the film, we can obtain C; = 0; by considering the conti-
nuity between the film and substrate, we can get C; = —épre, Where
epre is the pre-stretched strain applied to the substrate. Therefore,
the membrane strain ¢ of the film can be obtained by substituting
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Fig. 2. (a) Schematic of film/substrate structures, (b) Schematic of the buckling of Si film.
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Eq. (4) into Eq. (1)
k2A2
= 5

The bending energy density (W},) and the membrane energy
density (Wp,) of the film are given as following,

Ech3
_ % 2
Wb——24l< (6)
Erh
Wm:%gz (7)

where k = w' /(1 + (W)?)*/2 is the curvature of the buckled film, w’

and w" are the first and second order derivatives of w, respectively.
For small deformation, w'«1, the approximate curvature can be
obtained as k = %ZT’Q’ = —AKk? cos kx.

Thus, the average bending energy (Up) and membrane energy
(Um) for per unit length of the film, which are the integration of
corresponding strain energy densities over a unit length of the thin
film, can be obtained

2 A AF 1342
1 1 Ephy o mEhpA
U= [ Wi [ e )
0 0
2 - - 2
1 7 1 h hy (m2A2
0 0

Subjecting a normal displacement w = A cos kx to the film,
neglecting the shear stress on it and assuming the in-plane mem-
brane force is N = —aohf, according to the nonlinear Von Karman
plate theory (Timoshenko, 1961), the governing equation of the film
can be expressed as

Erhe %w o’w  [(Efh
ST OW NIW_ ([ a 2
p= 2 od Nax2 o k* — aohsk® | A cos kx (10)
where p is the normal stress between the film and the top surface of
the substrate.
The stresses in the substrate can be defined by a stress function,
¢(x,y), which satisfies the following equation

ot o4 o4
—42——+—]¢=0 11
(ax4 0x20y2 ay“) ¢ (mn

The stresses and strains at (x,y) can be determined from the
stress function ¢ as follows,

929 92 92
Ox =77 Oy=—_=3 Txy )
oy ox oxay
1- V§ Vs 1- Vf Vs
Ex = Es (Ux - 1_ Sgy 5 gy = ES Uy - 1-» Jx

(12)

Substituting ¢(x,y) = C3 cos kx(1 + C4y)exp(ky) into Eq. (12),
we can obtain the stresses and strains at the top surface (y = 0) of
the substrate.

ay = —C3k? cos kx

Csk cos kx(1 + vs) (k + 2C4 — 2C4vs) (13)
Es

Since the film is only subjected with normal displacement, there
are no x-displacements in the substrate. Consequently, the x-dis-
placements and the strains e, at the surface are zero. Besides, the
normal stress between the film and the top surface of the substrate
is p. Thus, C3 and C4 should take the values,

p k

= Zeoskw “=25-1 ()

G

Therefore, the deflection of the top surface of the substrate 6 can
be obtained by integration of ¢y,

C3 cos kx(1 +vs)(k — Cq4 + 2C4v

6:/sydy: 3 ( 5}3“5( 4+ 2Cyps)
o p(l + Vs)(3 — 4V5)
" 2Esk(1 — ws)cos kx

(15)
cos kx = B cos kx

where B =2 _B%/(Esk) with Es = Es/(1 —#2) is the 2plane—strain
modulus of the substrate and a = (3 — 4w)/[4(1 — v5)“] is a coeffi-

cient relating to the Poisson's ratio »s of the substrate (Chen and

Hutchinson, 2004). Subject to A = B, and combine
B = 2 B/ (Esk) with Eq. (10), we can obtain that,
Erh E
_ 52 Es
UOhf ) k= + 2k (16)
_ Esk
p_ﬂAcoskx (17)

For an incompressible substrate, »s = 1/2, we can obtain that
a = 1. Thus, the energy in the substrate for per unit length can be
calculated as

k/2m _ _
2r / 1 d _ EskA? _ EsmA?

US?T =

ppwix=""g 4] (18)
0

The total energy of the system (thin film and thick substrate) is
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By minimizing the total energy,
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Eq. (20) and Eq. (21) can be simplified as follows,
3.3 pY 2 2
47‘(3th? B 27T3A2thf n 27Tthf€pre _ E —0 (23)
323 2 A 4
Adding Eq. (22) and Eq. (23) together, we can obtain
2m3h3Er E
TR L Es (24)

33 4

Thus, based on small deformation theory, the wavelength 1y can
be calculated and the amplitude Ag can be obtained subsequently as
follows,

E\S
Jo = 2mhy (3};) (25)
S

Ao = hy, /i’% - (26)

where e; = }(3Es /Ff)% is the critical buckling strain.

2.2. Continuum model for finite deformation buckling

Jiang et al. (2007a) and Song et al. (2008) pointed out that the
wavelength is strain-dependent. The continuum model of buckling
based on small deformation cannot predict well for the finite
deformation buckling. Thus, it is necessary to develop the contin-
uum model for buckling based on finite deformation.

2.2.1. Review of previous continuum models for finite deformation
To predict the buckling geometry for finite deformation, Jiang
et al. (2007a) established a large deformation buckling theory. In
here, for the sake of simplicity, we will briefly introduce the deri-
vation steps.
First, the out-of-plane displacement w of the buckled thin film is
represented by

/
w :Acos%:AcosL
7 (1+ epre)

(27)
where the coordinate X’ in the substrate-stretched configuration
and the x in the substrate-strain-free configuration are related by
X' = (1 + epre)x, which can be obtained from Fig. 1.

Thus, the bending energy U, and membrane energy Uy, in the
film for per unit length are revised by replacing the coordinate x to
X' in Egs. (8) and (9) as follows,

mEsh}A?
Up = ———— (28)
e (1 + fpre)
E:h 242 2
Un="LL(_T __fpre (29)
2\ (1 +epre)®  1Hepre

Then, the energy in the substrate for per unit length Us is
derived using perturbation method to be (Song et al., 2008),

_ EsmA? 5 m2A2
" 3A(1 + epre) (Hﬁ 2 ) (30)

Therefore, the total energy per unit length of the film/subtract
system is obtained as

Us

U= Uy + Un + Us

TR B e
314(1 + epre)4 2 \» 1+ epre)z 1+ epre
E mA2 5 m2A2
+73A(1+€m)< t33 52 ) (31)

By minimizing the total energy, dU/0A = 8U/0A = 0, the wave-
length 4 and amplitude A can be obtained as follows,

_ 27Thf E %: /\0 (32)
(1 +¢pre) (1 +§)1/3 3Es (1 +epre) (1 +E)1/3

Ao
VT F epre(1+8)13

where 1 and Ag are the wavelength and amplitude in Egs. (25) and
(26) based on the small deformation theory, and
& = 5epre(1 + epre) /32.

By adopting a similar process, Cheng and Song (2013) developed
a simple theory to determine the buckling geometry in finite
deformation. Instead of the complex expression given by Song et al.
(2008), the energy per unit length in the substrate Us is also ob-
tained by replacing the coordinate x to X’ as the bending energy Uy
and membrane energy Uy, in the film, which is

A=

(33)

E,mA2

Ue = —s"0
s 4/\(1+8pre)

(34)

Combining Eqgs. (28), (29) and (34), the total energy per unit
length is obtained as
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772A2 _ Epre
(1 +epre)® 1+epre

continuum model considering precise curvature of the buckled film
for large deformation buckling is derived based on Cheng and Song
(2013). Besides, we also include the effect of the Poisson's ratio of
the substrate, because the Poisson's ratio of SMP substrate is
changing with temperature and cannot always be treated as
incompressible in our extended study.

By taking the precise form, the curvature of the buckled film can

+ 4}(1 + gpre) (35) be obtain as
By minimizing the total energy,
2T Esh2A _ 22 : 2 E
@ =03 I 3L +thf 5 A 5~ Epre 5 2m°A 5 (1 + Spre)LO +5757TAL0
A 324 (1 + epre) P(1+epre)® THepre) 12(1 4 epre) 22 36)
_ 7TALO 27‘(3th? 27T3A2thf B 277thf€pre E
A 3A3 (1 +€pre)3 AB(l +8pre)3 A(] Jr&'pre)z 2
aU —47T4thj§A2 — w2 A2 Epre —2m?A? EsmA?
- ana . ko tEh| T 3 5 (1 +epre)lo —=—5-Lo
0L 335 (1 + epre) B tepe)® THeme) 21+ epe) 42 (37)
_ 7TA2L0 |: 47’[’3th;’ B 27’r3A2thf 271'thf€pre _ E:| -0
2 3P +epre)’ P(14epre)’ A1+ epre)’
Egs. (36) and (37) can be simplified as follows, AR ,
— Ak cos &
273E-h3 322F = = —Ak? cos kx (1)’ T (43)
T = -
; Fhy . 3277 A thf3 B 27rthf£pre2 +E: 0 (38) (1 + A2K2 sin? kx)>/ o 2 3/2
32(1tepe)’ B(1tepe)’ (1 +epe)” 2 T e e

4m3Eph? 2m3A2Ephy  2mEhpepre  Es 0 (39)
3P (Ttepme)’ P(Ttepme) M1 +epm)’
Adding Egs. (38) and (39) together, we can obtain
2m3h3E E
By (40)

323(1 +epre)’

Thus, the wavelength A can be calculated out and the amplitude
A can be obtained subsequently as follows,

— 1
_ 27Thf E ’ _ /\0 (41)
1 + Epre 3ES 1 + Epre
A=hp [P 1 (42)

85(1 + é’pre)

where ec = }(3Es/Ef)? is the critical buckling strain.

2.2.2. Improved continuum model for finite deformation

As we know, the analytical solution for the curvature of a curve
is k =w'/(1+ W)>)3? (Chen et al, 2016), and for small defor-
mation, w'<1, the curvature is approximately taken as
k=w' = %ZT‘Q’ This approximation is also adopted in previous large
deformation continuum theory for the buckling of thin film on the
compliant substrate. However, through extensive study for the
theoretical analyses, we find that there is a significant difference in
obtained results with and without this approximation. The

Thus, the bending energy Uy, in the film for per unit length with
coordinate X’ can be determined as follows,

Esh?A%K?
2 48(1 + epre)*

(44)

0.4 L

0.2 4 -

0.0 = : : . : - . . .
0.0 0.1 02 03 04 05

Pre-strain

Fig. 3. The value of § as a function of pre-strain applied to the substrate, the solid line
represents § = {l +3A%K2 /(1 + spre)z} /[1 +A2K2 /(1 + epre)?]>/? , where the values of

A and k = 2[4 are calculated based on the theory developed by Song et al. (2008), and

the dash line represents the simplified form of § = 1/(1 + epre — £Z'4°).
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where § = [1 +3A22/(1 + epre)z} /[1 +A2I2 /(1 + epre)? /2.

Compared Eq. (44) with Eq. (28), we can find that these two
bending energy are equal only when ¢ = 1. However, as the pre-
strain epre increases, the value of § becomes smaller and smaller
as shown in Fig. 3, which cannot be treated as a constant of one.
Therefore, it is necessary to adopt the precise curvature of the film
for large deformation buckling.

The membrane energy Up, (per unit length) in the film is the
same as Eq. (29) given by Cheng and Song (2013), substituting
A = 2m/k, we can obtain

_ 2
U (R e )
mTo2 V2 1+e

4(1 + epre) pre

Considering a compressible substrate, with Eqgs. (17) and (18),
we can obtain the energy in the substrate Us (per unit length) as

k/2m
2

k

1 . EskA2

O LA ()

(46)

o

where « = (3 — 4r5)/[4(1 — v5)?].
The total energy of the system (thin film and thick substrate) is

U == Ub + Um + US
— — 2 —
48(1 +E‘pre)4 2 4(1 +E‘pre)2 1 +£pre 8a(l +E'pre)
(47)

By minimizing the total energy, dU/ok=0U/0A=0, we can
obtain the wavelength 1 and amplitude A as following,
2w
k

Aol 3A%72 173 4A% 2 12
° T+ 2 T+ 2
+ Spre) A (l + E'pre) A (1 + &‘pre)

T
_oap)'”?
" (T +epre)

+ epre)

A=

epre = e¢), the buckling amplitude A = 0 and § = 1. Substituting
these equations into Eq. (49), we could obtain the true critical
buckling strain as follows,

glrue — &c (50)

1 — &c

2.3. Results and discussion

To validate the effectiveness of the proposed finite deformation
model for buckling of thin film on compliant substrate, we adopt
the literature values for the mechanical properties of Si film on
PDMS substrate (Ef = 130 GPa, »f = 0.27, hf = 100 nm, Es = 1.8 MPa,

= 0.48). The theoretical results are calculated based on different
theories and compared with the experimental results taken from
Jiang et al. (2007a), as shown in Fig. 4.

From Fig. 4, we can obtain the following conclusions. First, we
will get a lower value of wavelength for the large deformation
buckling to consider the precise curvature than the approximate
curvature of the film. From Fig. 4(a), it can be seen that the wave-
length obtained from present theory (the red line) is lower than the
experimental results. This may be caused by the imperfection
method in energy calculation and the viscoelasticity of the sub-
strate (the properties of PDMS are also time-dependent, which has
been proved by previous experiments (Kim et al., 2008)). The effect
of viscoelasticity will be studied in more details in the next section,
and the wavelength will decreases as time increases. From Fig. 4(b),
it can be observed that present theory, which considers the precise
curvature of the film and the Poisson's ratio of the substrate, gives a
more accurate result of amplitude for the large deformation buck-
ling. Furthermore, it can be found that the predictive wavelength by
the present theory is dependent on the pre-strain, and A ap-
proaches to A for small strain.

Since the expressions of the wavelength and amplitude in pre-
sent theory are very complicated, we make a modification for the
theory to give a more accurate prediction for large deformation
buckling. To simplify the expressions of the wavelength and
amplitude, we decide to give a concise form of §. Considering that 8
should satisfy the critical buckling condition (A = 0 and § = 1 for

epre = e1¢), we give § = 1/(1 + epre — £I¢) as shown in Fig. 3. Then,

(48) by substituting ( into Eq. (44), we can obtain the bending energy Uy,
2/3 4 2.2 2.2
A hy | B e ﬁ<44A”4 O 2+1>/<24A” 2+1> (49)
(Tt+epre)ec  \23(1+epre)® A2 (1 + epre) 2 (1 + epre)

where 4g is the wavelength of small deformation buckling in Eq.
(25). a= (- am)/H0 - 0Pl B 14341+ epe?] /

[1+A2k2/(1 + epre)?]*/? and the corresponding critical buckling
strain is ec = 3[3Es/(Era) .

With Eqs. (48) and (49), the wavelength A = 27/k and amplitude
A for different pre-strains can be obtained using numerical iterative
method with any initial values of amplitudes and non-zero wave-
lengths (such as 4y and Agp).

However, we find that the true critical buckling strain “¢ is
larger than e.. Considering the critical buckling condition (when
the pre-strain is equal to the true critical buckling strain,

(per unit length) in the film as follows,

E-h3A2K
48(1 + epre)”

Combining Eq. (51) with (45) and (46), by minimizing the total
energy U = Uy, + Un + Us, we can obtain the wavelength 1 and
amplitude A as following,

Eh3A%K* 1

= (51)
48(1 + epre)* 1+ epre — &

true

) 1/3
“Trer +£pre(aﬁ) (52)
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62/3€pre
ec(l + epre) 8 (53)
where g is the wavelength in Eq. (25), & :}1[355/(Efa)]% is the
critical buckling strain and § = 1/(1 + epre — £).

Eq. (52) and Eq. (53) forms the modified theory for large
deformation buckling. The predictive wavelengths and amplitudes
with this modified theory for finite pre-strain also agree well with
the experimental results, as shown in Fig. 4 (the blue dash line).

3. Buckling behavior of elastic films on SMP substrate

This section will deal with the buckling behavior of Si films on
SMP substrates. First, we give an introduction of the material and
the theory to model the SMP substrate. Then, a theoretical analysis
of the buckling behavior is carried out. Finally, the time-dependent
evolution process of the buckling geometry is studied theoretically
and finite element simulations are carried out to validate the
theoretical analysis.

3.1. SMP substrate model and assumption

In present study, the SMP substrate is a kind of epoxy polymers
named epoxy 12DA3. To describe the mechanical properties of this
SMP substrate, the generalized Maxwell model as shown in Fig. 5 is
adopted.

The detailed descriptions and derivation process for this model
have already been presented in the reference (He et al., 2015), and
here we just give some essential equations.

The basic hereditary integral formulation for linear isotropic
viscoelasticity is

t t

o(t) = /ZG(T —7edt + I/K(T —7)gdt’
0 0

(54)

where ¢ is the instantaneous Caughy stress, e and ¢ are the me-
chanical deviatoric and volumetric strains, ‘-’ denotes differentia-
tion with respect to t, K and G are the time-dependent small-strain
shear and bulk relaxation moduli, which are functions of the

Thermal effect

Ty
—_—
—
—
E. =
UL —

[ =t — =

—

EE Ex= & =

Fig. 5. Generalized Maxwell model.

reduced time 7,
Using integration by parts and a variable transformation, Eq.
(54) can be written in the form as follows,

o(t) = 2Goe(t) + / 2G(T)e(t — t')dr + 1| Koo (t)
0

+ [ K(7")o(t — t')dr' (55)
/

where Gg and Kj are the instantaneous small strain shear and bulk
moduli. G(7') = dG(’)/dr’, and K(7') = dK(7')/d7’. For the non-
isothermal process, recall that the reduced time 7 represents a
shift in time with temperature

dr 1

dt ~ ar(T(t))

where ay(T) is the time-temperature superposition shifting factor
following the classic Williams-Landel-Ferry (WLF) equation,

(56)
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where C; and C; are material constants. Ty is the WLF reference
temperature. According to Diani et al., the parameters are taken as
C1 =10.17, C; = 47.35 °C, Trep = 50 °C.

In constitutive Eq. (55), the bulk modulus can be treated as a
constant value, while the relaxation shear moduli G(t) can be
expressed in terms of Prony series,

n
G(1) =Geo + Y _ Gie™ ™/
i=1

(58)

where G,, = 1.6 MPa represent the shear moduli at time t = c. 1 is
taken as 12 in Diani et al. (2012), and 7; and G; (i =1, 2 ... 12) are
series of relaxation times and relaxation moduli respectively; their
values are listed in Table 1 and the bulk modulus of the material is
taken as a constant value K = 3.1 GPa.

As we all know, considering the time-temperature equivalence
principle, the glassy state at low temperature and rubbery state at
high temperature for viscoelastic materials are equivalent to the
material properties at t = 0+ and t = oo, respectively. Thus, for the
SMP in this study, we will take the glassy state (30 °C) and rubbery
state (70 °C) to represent the properties at t = 0+ and t = oo, and the
state at an intermediate temperature (30 °C—70 °C) to represent
the properties after relaxation for a time t. Here, the mechanical
properties (Young's modulus and Poisson's ratio) at different tem-
peratures are all taken the value after relaxation for 1s.

At the reference temperature Ty = 50 °C, substituting the
constant bulk modulus and the relaxation shear modulus into
Vs = %(31( —2G)/(3K + G), we can obtain the Poisson's ratio vs(t),
which is a function of relaxation time t, as shown in Fig. 6(a), and it
can cover the Poisson's ratio both at glassy state v5(0) = v =0.38

363

and at rubbery state as vs(c0) = ¥s5, =0.5. Furthermore, considering
Es = 2G(1 + vs), the relaxation Young's modulus E(t) at Tyer= 50 °C
can be expressed as a function of time as shown in Fig. 6(b).

The buckling process of thin film on SMP substrate is hardly
reaching equilibrium unless the SMP substrate is in the rubbery
state. This phenomenon have been observed from previous study
about the buckling of thin film on viscoelastic substrate (Huang and
Suo, 2002a, b; Huang et al., 2004; Huang, 2005; Im and Huang,
2005; Huang and Im, 2006; Jiang and Li, 2009) and will be
explained in finite element simulation in section 4. However, dur-
ing the theoretical analysis, we make an assumption that the
buckling occurs instantaneously, which means that the buckling is
always in the equilibrium state and the mechanical properties
(Young's modulus and Poisson's ratio) will not change during the
buckling, thus we can obtain the expected buckling geometry at
any temperature and time. Although the expected buckling ge-
ometry may not be easily observed in real experiment and it could
not completely reflect the evolution process of buckling, it can give
us a better understanding that the evolution of buckling does exist
and the wavelength and amplitude are changing continually as
time or temperature changes for the SMP substrate.

To validate the correctness of the calculation and simulation
results based on this assumption, we refers to the buckling exper-
iments of thin Al film on SMP substrate with different film thick-
nesses reported by Chen et al. (2012). In their study, the
experiments were carried out to investigate the influence of film
thickness on the buckling geometry. The substrate was an epoxy
resin-based SMP reported by Xie et al. (2010), and was pro-
grammed with 2.9% pre-strain at a high temperature. The thin Al
films with different thicknesses form 10 nm—60 nm were then
deposited at different places on the same piece of substrate after
fixed by cooling, and finally the buckling occurred during the
substrate strain recovery process by heating. The experimental
results of the buckling geometry of the thin Al film are also depicted
in Fig. 7.

Table 1
Generalized Maxwell model relaxation times and associated shear moduli pairs (Diani et al., 2012).
7i(s) 0.3031 x 1074 0.1721 x 1073 0.9768 x 1073 0.5545 x 1072 0.3147 x 107! 0.1787
Gi(Pa) 0.1476 x 10° 0.1756 x 10° 0.2025 x 10° 0.1775 x 10° 0.6802 x 10® 0.1139 x 10®
7i(s) 0.1014 x 10! 0.5757 x 10! 0.3268 x 10? 0.1855 x 10° 0.1053 x 10* 0.5977 x 10*
Gi(Pa) 0.2264 x 107 0.8132 x 10° 0.4020 x 10° 0.1760 x 10° 0.5056 x 10° 0.1265 x 10°
1 - 1 1 1 1 1 1 1 s | 1 L 1 1 1 1 L L  § 1 1
o4 (@) 1000 (b) |
0.48 - L
-% 0.46 - L
; = 100 o -
- %
S 0.44 - =
@2 w
[=]
a
0.42 4 =
10+ L
0.40 - L
0.38 - L
bigy 3 i) b i) ou) oy ) ) oy ™ ™ o} 1ty ™y ™ ) b P binrs | o | ey ™ ™ ™
1E-7 1E-6 1E-5 1E-4 0001 001 01 1 10 100 1000 1000( 1E-7 1E-6 1E-5 1E-4 0001 001 01 1 10 100 1000 10000
t(s) t(s)

Fig. 6. (a) Poisson's ratio and (b) Relaxation Young's modulus as a function of time for the substrate at a temperature of 50 °C.
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Fig. 7. (a) Wavelength and (b) Amplitude vs thickness of Al film on the 2.9% pre-strain SMP substrate.

To perform FEM simulation and theoretical analysis, the Young's
modulus and Poisson's ratio of the SMP substrate are taken as
Es = 8.0 MPa and »s = 0.45 which are the mechanical parameters in
rubbery state (Chen et al.,, 2012), and the Young's modulus and
Poisson's ratio of the thin Al film are taken as Ef = 70 GPa and
v = 0.346. The simulation results and theoretical prediction are
plotted as the hollow dots and solid line in Fig. 7, respectively. From
the comparison with the experimental results, we can find that the
theoretical prediction and FEM simulation results based on the
assumption works quite well. Thus, all the following theoretical
analysis and simulations in this section will adopt this assumption
that the buckling occurs instantaneously.

3.2. Temperature influence

Since SMP is a kind of time and temperature dependent mate-
rial, the buckling of thin Si film on SMP substrate may also be
influenced by different temperatures and relaxation times. This
section will focus on the influence of temperature on the buckling
property. The Young's moduli and Poisson's ratios for different
states are taken as the corresponding values after relaxation for 1s
based on previous assumption. For the model, the thickness of the
thin Si film is taken as 100 nm. With the help of the large defor-
mation theory (Eq. (48)—(49)) proposed in Section 2.2.2, we can
determine the wavelengths and amplitudes at different tempera-
tures after releasing the various pre-strains prescribed in the sub-
strate, and the analytical results are shown in Fig. 8.

From Fig. 8 (a) and (b), we can find that, with a larger pre-strain,
the wavelength is smaller and the amplitude is larger in the tem-
perature range considered. Besides, for each line with a certain pre-
strain, the wavelength and the amplitude are increasing as the
temperature increases. The increasing rate changes fast between
35°Cand 50 °C, while it is almost constant below 35 °C and above
50 °C. This temperature range is consistent with the glass transition
temperature range of the SMP substrate as shown in Fig. 8 (c), the
changing of Poisson's ratio is also prominent in this temperature
range as shown in Fig. 8 (d).

According to the above analysis, we have learnt that the buck-
ling geometry changes significantly in the temperature range from
35°Cto 50 °C. Thus, in the study, six temperature values are chosen
to represent the different states of the substrate: 30 °C for the
glassy state, 70 °C for the rubbery state, and the other temperatures

(35°C, 40 °C, 45 °C and 50 °C) for the intermediate states. With the
help of the modified theory, we can obtain the amplitudes after
releasing the different pre-strains given to the substrate, and the
analytical results are shown in Fig. 9. In the Fig. 9, the red and blue
solid lines represent the amplitudes at the rubbery state and glassy
state, respectively. The dash lines represent the expected ampli-
tudes in the intermediate states. The intersections of the lines and
strain axis represent the critical buckling strains at different states,
and the buckling will take place (the amplitude is no longer zero)
only when the pre-strain is larger than the critical buckling strain.
From Fig. 9, we find that the two critical buckling strains . at
glassy state and e, at rubbery state divide the pre-strain into three
types, and thus the buckling of the film will present three different
phenomena. First, if the pre-strain of the substrate is very small
(epre <é&coo), the flat film is stable at both the glassy and rubbery
states, and the buckling will not occur at all. Second, if the pre-
strain of the substrate is quite large (epre>ec), the film will
buckles immediately at the glassy state and reaches equilibrium,
and the equilibrium amplitude is shown as the blue line in Fig. 9;
But then the substrate will soften and change from glassy state to
rubbery state as time goes on, and the buckling will evolve
accordingly; Thus, the buckling will finally reaches equilibrium
when the substrate is at its rubbery state after a long enough period
of time. Third, if the pre-strain is between the two critical values
(ecoo <pre <ecp), the flat film will start to grow buckling without
experiencing the equilibrium at glassy state, and finally reach
equilibrium when the substrate becomes rubbery as time goes on.
The buckling evolution will be studied in detail in Section 3.4.

3.3. Time influence

To study the time-dependent behavior of buckling properties of
the thin Si film on the SMP substrate, we collect the critical buckling
strains after the SMP substrate relaxed for different period of time
at a temperature of 70 °C, 50 °C, 45 °C, 40 °C, 35 °C and 30 °C,
respectively. The critical buckling strains as a function of relaxation
time are plotted in Fig. 10.

From Fig. 10, we can find that the critical buckling strain is lower
at a higher temperature, which can also be observed in Fig. 9. Be-
sides, the critical buckling strains are time-dependent. With a
longer relaxation time, the critical buckling strain will keep on
decreasing unless it reaches a minimum value &¢,. This is because
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Fig. 8. (a) Wavelength and (b) Amplitude of Si film on SMP substrate as a function of temperature with different pre-strains. (c) Instantaneous Young's modulus and (d) Poisson's
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Fig. 10. Critical buckling strains of the thin Si film on the SMP substrate as a function of relaxed time at different temperatures.

the Young's modulus of the SMP substrate is decreasing during the
relaxation, while the Young's modulus of the Si film keeps constant.
After relaxed for enough time, the SMP substrate will end with the
properties of its rubbery state, and the Young's modulus of the
substrate as well as the critical buckling strain will not change any
more.

3.4. Buckling evolution

From our study, we find that the changing rate of the buckling
geometry depends on the temperature of the SMP substrate, which
means that the buckling geometry changes faster and reaches
equilibrium more quickly at a higher temperature. To prove this, we
adopt the assumption that the buckling occurs instantaneously, and
perform theoretical analysis as follows. The Young's moduli and
Poisson's ratios of SMP substrate at different temperatures are

L@}
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T T T
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1000000

taken as the values after relaxed for a certain time.

Considering a Si film with thickness of 100 nm on the SMP
substrate, from the theory analysis in Section 2, we know that the
critical buckling strain can be determined by e. = J(3Es /Ef)% with
previous theory. Thus, combining with the SMP theory in Section
3.1, the critical strain at glassy state can be calculated as
€0 = 0.035988. Thus, applying a pre-strain of epre = 0.035988 to
the SMP substrate, the film should buckle at all temperatures
(70 °C, 50 °C, 45 °C, 40 °C, 35 °C and 30 °C). However, with the
present theory, we can deduce that the true critical buckling strains
at glassy state is £73'¢ = 0.038291 with Eq. (50). Thus, the pre-strain
is smaller than the true critical buckling strain at glassy state, and
no buckling should appear. The wavelengths and amplitudes of the
buckling geometry after the SMP substrate relaxed for corre-
sponding time can be calculated utilizing Egs. (52) and (53), and the
results are shown as the solid line in Fig. 11.

A (pm)

0.0 T u

T uJ T
1000 10000 100000
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Fig. 11. (a) Wavelength and (b) Amplitude of Si film on SMP substrate as a function of time at different temperatures. The pre-strain is eco = 0.035988 and the thickness of Si film is
100 nm. The wavelengths and amplitudes are obtained by employing the Young's moduli and Poisson's ratio at corresponding time. The solid lines represent the theoretical

prediction and the dots represent the simulation results.
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Furthermore, to prove that the true critical buckling strain 74
in present theory is correct, finite element simulations are imple-
mented in the commercial software ABAQUS. In the modeling, the
thickness of the SMP substrate and Si film are hs = 20 pm and
hf = 100 nm, respectively, which gives hs/hf = 200 and can be
treated as infinitely thick substrate according to Huang (2005). The
initial length Lo of the substrate is approximately 104 (4 is the
calculated wavelength of the buckling geometry) and the length of
the Si film is L=(1+e&pre)Lo. Considering plane-strain problem in the
simulation, the thin Si film and SMP substrate are all modeled as
the 8-node plane-strain element (CPE8). The FEM simulation re-
sults are presented as the dots in Fig. 11.

From the finite element simulation and theoretical results as
shown in Fig. 11, we could find following phenomena. First, with the
same pre-strain applied to the substrate, both the wavelength and
amplitude of the film on the SMP substrate at 30 °C increase slowly
as the relaxation time of the SMP substrate increases, and the
buckling geometry could be treated as equilibrium (as stated in
Section 3.2, the film buckles immediately at the glassy state and
reaches equilibrium) for a short relaxation time; While the wave-
length and amplitude of the film on the SMP substrate at a higher
temperature change much more quickly and significantly, and the
changing of buckling geometry at 70°C could be understood as
happening instantaneously. Second, the wavelengths and ampli-
tudes of the film on the SMP substrate at any temperature will
finally reach constant values, when the SMP substrate becomes
rubbery after relaxed for enough time. Third, the pre-strain is taken
as the critical buckling strain calculated with & :}l(BES/ffﬁ at
30 °C (e = 0.035988), which is lower than the true critical buck-
ling strain as predict with the improved theory (ef¥¢ = 0.038291),
thus the buckling doesn't occur at the very first for the film on the
SMP substrate at 30 °C (the finite element results also can prove
this) but appears after some time instead, because the critical
buckling strain will decrease after the SMP substrate relaxed as
shown in Fig. 10; This could be understood as that the stress
relaxation in the SMP substrate can trigger the buckling of the film
on it.

4. Programming of the controlled buckling

From the theoretical analysis in Section 3, we know that the
critical buckling strain ;g = 0.038291 at glassy state is larger than
the critical buckling strain e, = 6.722 x 104 at rubbery state.
Thus, if the pre-strain eyre applied to the SMP substrate is between
these two critical buckling strains, the thin film will form buckling
at rubbery state (high temperature) and no buckling at glassy state
(low temperature). Therefore, when the pre-strain ey applied to
the SMP substrate is between these two critical buckling strains, we
can use the following programming process to control the buckling
of the thin film on the SMP substrate.

The programming process is schematically plotted in Fig. 12.
First, we put a flat thin film on the pre-stretched substrate and bond
them together at a high temperature (70 °C, the substrate is at the
rubbery state). Second, the substrate and film is cooled to a low
temperature (30 °C, the substrate is at the glassy state). Third,
release the pre-strain to let the substrate recover its initial length
along with the film. Fourth, reheat the substrate and film to the
high temperature.

The steps in the red rectangle (O — @ — ®), which are the same
as those in Fig. 1, represent the general process to form film buck-
ling on a compliant substrate. As long as the pre-strain is larger
than ey, the film on the substrate will form buckles. If the pre-
strain is between e, and &g, after cooling (@ — @), the film will
have no buckles and remain flat after releasing the pre-strain at the
low temperature (@ — ®), because the pre-strain is smaller than
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Fig. 12. A schematic of the programming process for the controlled buckling
(®—>®@—® represent the general process to form film buckling on a compliant
substrate and ® —» @ — @ — ® — @ constitute the programming process to control the
buckling of film on SMP substrate).

the critical buckling strain in glassy state. However, if the pre-strain
is larger than e, the film will also form buckles upon releasing the
pre-strain in glassy state (at low temperature). The flat film in ®
can form buckles automatically during the reheating process, and
finally grows to be the same as that in the rubbery state ®. Thus,
®—->@—->®—®—O constitute the complete programming pro-
cess to control the buckling of film on SMP substrate. From the
results in Fig. 9, we can know that the control is effective for a pre-
strain between eq., and eg.

The programming process to control the buckling of thin Si film
on SMP substrate is realized with finite element methods through
the commercial software ABAQUS and the finite element model is
the same as in Section 3. Fig. 13 displays the deformation contours
at different stages of the programming.

In Fig. 13, (a) displays the deformed geometry after the Si film of
initial length bonded to the stretched SMP substrate at 70 °C. (b)
represents the geometry of the Si/SMP structure after cooled to
30 °C. (c) shows the geometry of the Si/SMP structure after released
the pre-strain. (d)~(h) display the buckling patterns after heating
for different periods of time during the recovery process, from
which we could see the buckling evolution process with tempera-
ture increasing. At first, though the buckling is not stable, we can
find that the wavelength of the buckling is small, and this is
consistent with the theoretical and finite element results based on
assuming the buckling occurs instantaneously. As the temperature
increases, the wavelength becomes larger and wave numbers
decrease. Finally, the buckling ends up with a stable pattern (in
rubbery state) as shown in Fig. 13 (h).

5. Concluding remarks

In this paper, we have introduced the theoretical study and
finite element simulations for the buckling of a thin film on the
compliant substrate. A continuum mechanics theory for large
deformation buckling is established based on minimizing the total
energy of the film and substrate, and considering the precise cur-
vature of the buckled film and the Poisson's ratio of the substrate.
The prediction results using this proposed theory agree quite well
with previous experimental results. Furthermore, the modified
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Fig. 13. The deformed shape of the Si/SMP structure at different stages of the programming (the colour indicate the displacement on the vertical direction). (a) The Si film of initial
length is bonded to the stretched SMP substrate at 70 °C. (b) The Si/SMP structure is cooled to 30 °C while keeping the length constant. (c) The pre-strain of the SMP substrate is
released at 30 °C. (d)~(h) The evolution of buckling during the heating process from 30 °C to 70 °C. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

theory is proposed to simplify the expressions for the wavelength
and amplitude of the buckled geometry. Under the assumption of
that the buckling occurs instantaneously, we have studied the
buckling behavior of thin Si film on SMP substrate both in theo-
retical analysis and finite element simulations. The mechanism of
buckling evolution is investigated and it can give us a better un-
derstanding of the buckling process. We also find that the critical
buckling strain at glassy state is larger than rubbery state. Ac-
cording to this finding, a programmed method to control the
buckling of thin film on the SMP substrate is proposed and realized
with finite element simulation. The simulation results also display
the evolution process of buckling of thin film on SMP substrate.
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